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ABSTRACT: The adsorption equilibrium isotherms of lead from aqueous solutions onto treated 

clay were studied and modeled. The ability of clay to remove Pb 2+ ions from aqueous solutions  

has been studied at different operating conditions: contact time (5-90 min), adsorbent dosage (1-4 g/L), 

initial ion concentration (10 - 200 mg/L) and pH solution (1 - 11) and temperature (298 - 333 K). 

The maximum uptake (98.%) is obtained under the optimum conditions: pH ∼ 7 and adsorbent dose 

of 2.5 g/L for an initial concentration of 10 mg/L at 298 K. In order to determine the best-fit isotherm, the 

experimental equilibrium data were analyzed using some adsorption isotherm models with  

two-parameters as Langmuir, Freundlich, Temkin, Elovich and Dubinin-Radushkevich,  

and three-parameters as Langmuir-Freundlich, Redlich-Peterson, Sips, Fritz-Schlender, and Toth. 

Models with four-parameters as Fritz-Schlunder and Baudu and with five-parameters as Fritz-

Schlunder were also used. A comparison of linear and non-linear regression methods for predicting 

the optimum isotherms was made using the experimental adsorption equilibrium data of Pb2+ ions 

onto treated clay. The following error analysis methods were used, the coefficient of determination 

R2, the sum of the squares of the errors, the sum of the absolute errors, the average relative error, 

the Mean Square Error, and the Root Mean Square Error. The error values indicated that  

the non-linear method is a better way to obtain the isotherm parameters describing the Pb2+ ions adsorption 

onto the clay. The comparison between different models shows that the Fritz-Schlünder model with  

five-parameters was more suitable to describe the equilibrium data. The kinetics data of batch 

interaction was also analyzed with various kinetic models. It was found that the pseudo-second-order 

model using the non-linear regression method predicted best the experimental data.   
 

KEYWORDS: Adsorption; treated clay; Pb2+ ions; isotherms; linear and non-linear regression; 
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INTRODUCTION 

Nowadays heavy metals are among the most 

important pollutants in source and treated water and  

are becoming a severe public health problem. Industrial and  

 

 

 

municipal wastewaters frequently contain metal ions. 

Industrial waste constitutes the major source of various 

kinds of metal pollution in natural water [1–3]. The heavy  
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metal ions are stable and persistent environmental 

contaminants, since they cannot be degraded and 

destroyed. These metal ions can be harmful to aquatic 

life, and water contaminated by toxic metal ions remains 

a serious public health problem for human health. Lead 

(Pb) is one of the major environmental pollutants because 

of its presence in automobile fuel and subsequent 

emission into the atmosphere in the exhaust gases [3-5]. 

Moreover, it penetrates to the water environment through 

effluents from lead smelters, battery manufacturers, paper 

and pulp industries, and ammunition industries [6-7]. 

There are many different methods for treating 

wastewaters. Current methods for wastewater treatment 

include precipitation, coagulation/flotation, sedimentation, 

flotation, filtration, membrane processes, electrochemical 

techniques, ion exchange, biological processes, chemical 

reactions, and adsorption [8-9].  Adsorption is one of the 

important procedures for the removal of the heavy metals 

from the environment. Ion exchange and adsorption 

mechanisms of clay minerals have been used to remove 

different environmental contaminants [10-13]. The main 

properties of the natural adsorbents are strong affinity  

and high loading capacity for the removal of heavy metals.  

Natural clay minerals are used as adsorbents for  

the removal of heavy metals due to their structural properties 

such as high cation exchange capacity, high surface area 

and high adsorption/absorption. These are advanced 

functional materials of significant potential for 

environmental protection [14-15]. However, the 

adsorption capacity and selectivity of natural clay  

are limited. Thus, a systematic modification of the surface  

is essential to increase the capacity and the yield  

the elimination of organic and inorganic compounds. Various 

chemical methods exist for the modification of clays, 

treatments with cationic surfactants [16], including acid 

attack [17], NaCl activation [18], thermal treatment [19], 

binding of inorganic and organic anions, grafting of organic 

compounds [20] and supported semiconductors [21-22]. 

Among these methods, the treatment by NaCl is simple 

and low cost. In this respect, treated clay find industrial 

applications as bleaching earth, catalysts and catalyst 

supports and NaCl activation is a useful to modify  

the clay. 

The search for the best fit adsorption isotherm using 

the linear regression method is the widely used technique 

to evaluate the model parameters and to determine  

the best fitting model. However, depending on the way  

of the isotherm equation linearization, the distribution  

of error changes either the worst or the best [23-25].  

So, the method of non-linear regression is used by several 

researchers to determine the adsorption isotherm 

parameters [26-31]. It is based on the minimization  

of error distribution between the experimental data and 

the predicted isotherm. Several error functions are used  

to evaluate isotherm data. The most common error functions 

used are: The coefficient of determination R2, Sum of  

the Errors Squared (SSE), Sum of the Absolute Errors (SAE), 

the Average Relative Error (ARE), the Mean Square Error (MSE), 

the Root Mean Square Error (RMSE) [32-33]. 

The aim of the present work is to investigate  

the ability of clay to remove lead ions from aqueous solution. 

Batch adsorption experiments will be applied. The effect 

of various parameters on the adsorption process such as 

the effects of contact time, pH, initial metal ion 

concentrations, dose of adsorbent and temperature  

will be investigated. Isotherm models with two parameters 

(Langmuir, Freundlich, Temkin, Elovich and Dubinin-

Radushkevich), with three parameters (Langmuir–

Freundlich, Redlich–Peterson, Sips, Fritz–Schlender, and 

Toth), with four parameters (Fritz–Schlunder, and Baudu) 

and with five parameters (Fritz–Schlunder) were used  

to fit the experimental data and to determine the best-fit 

isotherm. 

 

EXPERIMENTAL SECTION 

Chemicals and materials 

All chemicals used in the experimental study were  

of analytical quality. Pb (NO3)2 (  99% purity), HNO3 

(65% purity), HCl (37% purity), NaCl (extra pure), KNO3 

( 99.5% purity) and NaOH (98% purity) were purchased 

from SIGMA ALDRICH company. Distilled water  

(0.8 MΩ cm) was used for preparing all solutions. 

 

Adsorbent preparation 

The natural clay used in the present study was collected 

from a quarry in north east of the Laghouat region  

(N: 33°54'51.34", E: 2°37'3.72" and A: 905m). This clay 

is crushed and sieved to obtain fractions smaller than  

100 m and then washed with distilled water for 24 h and 

then decanted and dried. Then, this clay undergoes  

a cation exchange step using a solution of NaCl (1M) 

with a contact time of 3 days. This operation is repeated 
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3 times before undergoing several washes with distilled 

water and then dried in the oven at 60 °C. for 24 h. 

 

Characterization  

The X-ray diffraction (XRD) patterns of the adsorbent 

were obtained using a Philips (XPERT-PRO X, 

Germany) ray diffraction instrument with filtered Cu Kα 

radiation (n=1.5418 Å) operated at 45 kV and 40 mA. 

The morphology of clay sample was observed by 

Scanning Electronic Microscope (SEM) using a JEOL 

6360 (Japan) instrument equipped with an Energy 

Dispersive Spectroscopy (EDS) analyzer. The sample 

was coated with a thin film of carbon. The FTIR analysis 

was carried out using Perkin Elmer Spectrum equipment 

(Version 10.03.06, Germany). The remaining Pb2+ ions 

concentrations in the aqueous phase were determined 

using an Atomic Absorption Spectrometer (ANALYTIC 

JENA, NOVAA 350). The point of zero charge (pHPZC) 

of the treated clay was measured for understanding  

the adsorption mechanism of Pb2+ ions. The method reported 

by Boudechiche et al. [34] was used for this purpose.  

 

Batch experiments  

Lead solutions of different concentrations were made 

by dilution of 500 mg/L stock solution prepared from 

analytical grade of Pb(NO3)2. Adsorption was performed 

in batch experiments where 100 mL of aqueous solutions 

of Pb2+ ions were mixed with 0.2 g of adsorbent  

in conical flasks. The pH of each suspension was adjusted 

in the range of 1 to 11 by adding HNO3 (0.1 N) or NaOH 

(0.1 N) solutions and monitored with pH meter.  

The mixed solutions were shaken in optima mechanical 

shaker at 150 rpm and 25 °C for a given time. After  

the contact time was completed, solution and clay  

were separated by a filter paper (0.45 m cellulose syringe 

filter). In order to evaluate the amount of lead ions 

retained per unit mass of treated clay, the adsorption 

capacity was calculated using the following equation: 

( )e o e

v
q c c

m
= −                                                             (1) 

Where qe is the amount of Pb2+ ions adsorbed (mg/g), 

Co is the initial Pb2+ ions concentration (mg/L), Ce is  

the equilibrium Pb2+ ions concentration (mg/L), V is  

the volume of the solution (L) and m is the weight of  

the adsorbent (g). 

Theoretical background  

The equations of isotherm models and their linear  

and non-linear forms are regrouped in Table 1. The Langmuir 

model assumes uniform energies of adsorption onto  

the surface and no transmigration of adsorbate in the plane 

of the surface [34]. The Langmuir parameters are defined 

as follow: qe is the amount of solute adsorbed per unit 

weight of adsorbent at equilibrium (mg/g), Ce is  

the equilibrium concentration of the solute in the bulk 

solution (mg/L), qmL is the maximum adsorption capacity 

(mg/g) and KL is the constant related to the free energy  

of adsorption (L/mg).  

The Freundlich expression is an exponential equation 

and therefore, assumes that as the adsorbate concentration 

increases, the concentration of adsorbate on the adsorbent 

surface also increases [35]. The linear form of  

the Freundlich isotherm is shown in Table 1 where KF  

is a constant indicative of the relative adsorption capacity 

of the adsorbent (mg1-(1/n) L1/n g-1) and n is a constant 

indicative of the intensity of the adsorption. 

The Temkin [36] isotherm equation assumes that  

the heat of adsorption of all the molecules in the layer 

decreases linearly with coverage due to adsorbent-

adsorbate interactions, and that the adsorption is 

characterized by a uniform distribution of the binding 

energies, up to some maximum binding energy.  

The linear form of the Temkin isotherm is shown in Table 1 

where BT (BT = RT/b) is related to heat of adsorption 

(J/mol), R is the gas constant (8,314 J/mol K), T is  

the absolute temperature (K) and KT is the Temkin 

equilibrium constant (L/g) corresponding to the maximum 

binding energy,  

Dubinin-Radushkevich model is infrequently applied 

onto liquid phase adsorption due to its complex nature [37].  

It accept heterogeneous surface with Gaussian energy 

distribution. It characterizes an imperative parameter  

to be specific mean free energy which is utilized  

to differentiate the physical and chemical adsorption.  

The equation is given in Table 1 where qmDR (mg/g)  

is the capacity of saturation theory (mg/g), KDR (mol2/kJ) 

is the constant of adsorption energy and ε is the potential 

Polaniyi.     

The equation defining the Elovich model is based  

on a kinetic principle assuming that the adsorption sites 

increase exponentially with adsorption which implies  

a multilayer adsorption [38]. It is expressed in Table 1 
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Table 1: Used isotherm models and their linear and non-linear forms. 

 Non-Linear form Linear form Plot 

Models with two-parameters 

Langmuir-1 

  

Ce/qe vs Ce 

Langmuir-2 - 

 

1/qe vs 1/Ce 

Langmuir-3 - 

 

qe vs qe/Ce 

Langmuir-4 - 
 

qe/Ce vs qe 

Freundlich  
 

lnqe vs lnCe 

Temkin 

  

qe vs lnCe 

Dubinin Radushkevich 

 
 

 

 lnqe vs 2 

Elovich 
 

 
 

lnqe/Ce vs qe 
 

Models with three-parameters 

Langmuir-Freundlich 
 

 
 

qmLF/qe vs 1/Cβ 

 

Redlich–Peterson 
  

𝐶𝑒/𝑞𝑒 vs  

Sips 

  

qmS/qe vs 1/Cβ 

Fritz–Schlunder 
  

C𝑒/𝑞𝑒 vs Cα 

Toth 

 
 

  

Models with four- parameters  

Fritz–Schlunder 

 

- - 

Baudu 

 
 

 
 

 
 

- - 

Model with five- parameters 

Fritz–Schlunder 

 

- - 
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by where KE is the Elovich equilibrium constant (L/mg) 

and qmE is the Elovich maximum adsorption capacity 

(mg/g).  

The parameters of Langmuir-Freundlich model  

are defined as follow: qe is the adsorbed amount  

at equilibrium (mg/g), qmLF is the Langmuir-Freundlich 

maximum adsorption capacity (mg/g), Ce is the adsorbate 

equilibrium concentration (mg/L), KLF the equilibrium 

constant for a heterogeneous solid, and β is the 

heterogeneity parameter lies between 0 and 1. 

The Redlich–Peterson [39] isotherm is an empirical 

isotherm incorporating three parameters. It combines 

elements from both the Langmuir and Freundlich 

equations and the mechanism of adsorption is a hybrid 

and does not follow ideal monolayer adsorption. 

The parameters of this model are given in Table 1 

where B is the Redlich–Peterson isotherm constant (L/g), 

A is also a constant having unit of (L/mg), and β is  

an exponent that lies between 0 and 1. Ce is the equilibrium 

liquid-phase concentration of the adsorbate (mg/L) and qe 

is the equilibrium adsorbate loading onto the adsorbent 

(mg/g). 

At high liquid-phase concentrations of the adsorbate, 

the Redlich–Peterson equation is reduced to the Freundlich 

equation where B /A and (1-β) present, respectively,  

the parameters KF and 1/n of the Freundlich model. For β = 1, 

the Redlich–Peterson equation is reduced to the Langmuir 

equation, with b = A is the Langmuir adsorption constant 

(L/mg) related to the energy of adsorption and B = b qmL, 

where qmL signifies the Langmuir maximum adsorption 

capacity of the adsorbent (mg/g). For β = 0, the Redlich–

Peterson equation is reduced to the Henry’s equation,  

with B/(1 + A) is the Henry’s constant. 

Recognizing the problem of the continuing increase  

in the adsorbed amount with an increase in concentration 

in the Freundlich equation, Sips [40] proposed an equation 

similar in form to the Freundlich equation, but it has  

a finite limit when the concentration is sufficiently high.  

Table 1 shows the parameters of this equation where qe  

is the adsorbed amount at equilibrium (mg/g), Ce  

the equilibrium concentration of the adsorbate (mg/L), 

qmS the Sips maximum adsorption capacity (mg/g), KS  

the Sips equilibrium constant (L/mg), and β is the Sips 

model exponent. 

The Fritz–Schlunder [41] equation is represented  

in Table 1 where qe is the adsorbed amount at equilibrium 

(mg/g), Ce the equilibrium concentration of the adsorbate 

(mg/L), qmFS the Fritz–Schlunder maximum adsorption 

capacity (mg/g), KFS the Fritz–Schlunder equilibrium 

constant (L/mg), and α is the Fritz–Schlunder model 

exponent. 

Toth [42] has modified the Langmuir equation  

to reduce the error between experimental data and predicted 

values of equilibrium adsorption data. The application of 

his equation is best suited to multilayer adsorption similar 

to BET isotherms which is a special type of Langmuir 

isotherm and has very restrictive validity [43]. The Toth 

correlation is given in Table 2 where qe is the adsorbed 

amount at equilibrium (mg/g), Ce the equilibrium 

concentration of the adsorbate (mg/L), qmT the Toth 

maximum adsorption capacity (mg/g), KT the Toth 

equilibrium constant, and α is the Toth model exponent. 

Another four-parameter equation of Langmuir–

Freundlich type was developed empirically by Fritz and 

Schlunder [41]. It is expressed in Table 1 with α and β  1 

where qe is the adsorbed amount at equilibrium (mg/g), 

Ce the equilibrium concentration of the adsorbate (mg/L), 

A and B are the Fritz–Schlunder parameters, and α and β 

are the Fritz–Schlunder equation exponents. 

At high liquid-phase concentrations of the adsorbate, 

the Fritz and Schlunder equation is reduced to  

the Freundlich equation where A/B and (α-β) present  

the parameters KF and 1/n of the Freundlich model 

respectively. For α = β = 1, The equation is reduced to  

the Langmuir equation with b = B is the Langmuir adsorption 

constant (L/mg) related to the energy of adsorption and  

A = b qmL, where qmL signifies the monolayer adsorption 

capacity of the adsorbent (mg/g).  

Baudu [44] has remarked that the calculation  

of the Langmuir coefficients, b and qmL, by the measurement 

of tangents at different equilibrium concentrations shows 

that they are not constants in a broad concentration range. 

So, he proposed a transformed Langmuir equation shown 

in Table 1 with (1 + x + y) and (1 + x) < 1. Graphical 

study of ln b = f(ln Ce) and ln qm L = f (ln Ce) gives access 

to bo, qmo, x, and y, where qe is the adsorbed amount  

at equilibrium (mg/g), Ce the equilibrium concentration 

of the adsorbate (mg/L), qm0 the Baudu maximum 

adsorption capacity (mg/g), bo the equilibrium constant, 

and x and y are the Baudu parameters. 

Fritz and Schlunder [41] have proposed a five-

parameters empirical expression which can represent  
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Table 2: Abbreviations and mathematical expression of used error functions. 

Error function Expression 

Coefficient of determination R2 

 

Sum of squares errors SEE : 

 

Sum of absolute errors SAE : 

 

Average Relative Error ARE : 

 

Mean Square Error : MSE 

 
 

Root Mean Square Error : RMSE 
 

 

 

abroad field of equilibrium data (with m1 and m2  1) 

(Table 1). qe is the adsorbed amount at equilibrium 

(mg/g), Ce the equilibrium concentration of the adsorbate 

(mg/L), qmFS the Fritz-Schlunder maximum adsorption 

capacity (mg/g) and K1FS, K2FS, m1, and m2 are the Fritz–

Schlunder parameters. 

 

Error functions 

Mathematically error functions such as coefficient of 

determination R2, Sum of the Squared Errors (SSE),  

Sum of the Absolute Errors (SAE), the Average Relative 

Error (ARE), the Mean Square Error (MSE) and the Root 

Mean Square Error (RMSE) were employed. These functions 

were used to compare between the linear and non-linear 

regression methods and in order to find the best fit 

isotherm model to the experimental equilibrium data 

(using the solver add-in functions of Microsoft Excel 

software and Origin Pro 2017). The expression of  

the error functions are given in Table 2 where, qe,cal and qe,exp 

are respectively, the calculated and the experimental 

value of the equilibrium adsorbate concentration  

in the solid phase (mg/g) and n is the number of data points.  

 

RESULTS AND DISCUSSION 

XRD, FTIR and MEB characterization 

The XRD results show that the illite with main 

characteristic 2 peaks at 21°, 27.5°, 37° is the major 

phase (Fig.1a). Other phases are also identified and 

observed at 22°, 42.5°, 50.5°, 60° and 68.5° (Quartz) and 

at 45°, 55.5° (Kaolinite). A Calcite is also present  

at 29.5° but as minor phase with very low XRD peaks.  

The indexation of diffraction peaks was realized according 

to the JCPDS Cards [45]. The XRD pattern of the crude clay 

after chemical treatment by NaCl solution is illustrated  

in Fig.1b and the structure was remained nearly intact; 

and therefore, the chemical treatment does not influence  

its structure. We also noticed the disappearance of the peak 

of the calcite phase (29.5°) (Fig. 2c), due to the adsorption of 

Pb2+ ions whose presence on the adsorbent surface  

can displace or hide the (h k l) planes of the calcite. 

The FT-IR analysis was conducted with treated clay 

and treated clay adsorbed by Pb2+ ions in order to 

identify functional groups of treated clay involved  

in the adsorption (Fig. 2). The broad band at 3613 cm-1  

is due to OH of the interlayer water while the peak  

1432 cm−1 is attributed to the stretching vibration of adsorbed 

water molecules. The bands at 780 and 689 cm-1 

referred to Si–O and Si–O–Si, respectively, attest  

the presence of tetrahedral silica layers. For the treated clay 

adsorbing Pb2+ ions (Fig. 2b), we notice the intensity of 

the peak at 990 cm-1 increased after the adsorption 

process. 

The SEM micrograph of treated clay is shown  

in Fig. 3. The clay shows an irregular morphology 
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Fig. 1: XRD patterns of clay (a), activated clay (b) and clay 

after adsorption (c). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2: FT-IR spectra of (a) treated clay after treated clay after 

Pb2+ ions adsorption. 

 

of crystals. The results of the EDS analysis reveals  

the presence of different elements shown in Fig. 3. 

The pHpzc is one of the important parameters  

for discussion of pH effect. The pHpzc of treated clay 

was determined by the method cited in [34]. KNO3 solution 

(0.01 M) was transferred to a series of Erlenmeyer flasks 

who are made up to exactly 100 mL. The initial pH  

of each flasks was adjusted by adding either HCl (0.1 M) or 

NaOH (0.1 M) to decrease or increase it respectively. 100 mg 

of treated clay was added to each flask. After stirring  

48 h, the suspensions were filtered and the final pH 

values of the supernatant liquid (pHfinal) were recorded. 

The pHZPC is the point where the curve pH final versus 

pH initial crosses the line the axis of the bisectors. pHZPC 

of treated clay was found to be at pH 8.53 (Fig. 4).  

At the solution pH  8.53, the active sites of the clay  

are protonated and have positive charge. However,  

at the pH values higher than the pHzpc, the surface charge 

of the adsorbent is negative. 

 

Effect of the experimental parameters on adsorption 

equilibrium 

The effect of experimental parameters on the adsorption 

equilibrium as contact time, pH, initial Pb2+ ions 

concentration, adsorbent dosage and temperature were studies.   

The effect of contact time on the removal of Pb2+ ions 

by treated clay at initial metal ion concentrations of  

50 mg L-1 is shown in Fig. 5. The contact time was varied 

from 5 to 90 min at constant temperature of 25 °C.  

The time plot shows that the removal of adsorbate is rapid 

in early stages for the treated clay, but it gradually slows 

down until it reaches the equilibrium. This is due to  

the fact that a large number of vacant surface sites  

are available for adsorption during the initial stage, and after 

a lapse of time the remaining vacant surface sites are 

difficult to be occupied due to repulsive forces between 

the solute molecules on the solid surface and in bulk 

phase [7, 25]. The contact time of 30 min was optimized 

and selected for the rest of the study.  

The influence of pH on the adsorption of Pb2+ ions 

onto treated clay was investigated in the pH range of (1 –8). 

Fig. 6 shows the effect of pH on adsorption of Pb2+ ions 

onto treated clay. It can be observed from the results that 

the adsorption of Pb2+ ions increases with  an increase  

in pH of the solution to a maximum around a pH 7.0, 

and then decreases as the pH becomes more basic  due to 

the precipitation of some Pb2+ ions. 

At low pH, the number of H+ ions increases, thus 

creating a bridge between the ligands between the treated 

clay and the Pb2+ ions, so that the surface of the 

adsorbents is closely associated with H+ ions, which 

could hinder access of the metal ions, by repulsive forces, 

to the surface of the functional groups and consequently 

decrease the percentage of elimination of the metal. 

Therefore, the effect of a low pH on the sorption capacity 

can be interpreted as resulting from the competition of H+ 

ions and metal ions for the binding sites [46-47]. 

Therefore, pH  7 was selected for further studies. 

The effect of initial Pb2+ ions concentrations  

on the adsorption performance of treated clay was investigated 

over a concentration range of 10 mg/L to 200 mg/L  

(Fig. 7). The adsorption capacity of the treated clay 
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Element C O Na Mg Al Si K Ca Ti Fe 

Wt % 2.84 12.09 1.25 0.79 13.74 50.44 4.82 3.13 0.72 5.61 

 

Fig. 3: SEM micrograph and EDS spectrum of treated clay. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4: Point of zero charge pHpzc of the activated clay. 

 

was found to increase with increase in initial lead ions. 

The results show that treated clay gave the maximum 

adsorption of 44 mg/g at 200 mg/L of initial Pb2+ ions 

concentration. The increase in adsorption with  

the increase in metal ion concentration is due to the driving 

force that initial concentration provides to overcome  

the mass transfer resistance between the aqueous and solid 

phases. The adsorption rate was high during the early 

adsorption period due to the availability of a large 

number of vacant sites, which increased the concentration 

gradient between the adsorbate in the solution and 

adsorbate on the adsorbent surface [1, 7, 23, 25].  

The steady increase in the adsorption with the increase  

in initial metal ion concentration indicates that  

the adsorbents have very high potential for the removal  

of Pb2+ ions. 

The results of the effect of adsorbent dosage on the 

adsorption efficiency of the treated clay are shown in Fig. 8 

for Pb2+ ions removal. It was observed that the lead ion 

removal by the adsorbent increased as the adsorbent 

dosage increased gradually up to 2.5 g L-1 clay dosage.  

A further increase in dosage above 2.5 g L-1 gave no 

significant improvement in lead ion removal due to 

attainment of equilibrium between the adsorbent and 

adsorbate. This may be simply due to the increased 

availability of surface active sites resulting from the 

increased dose and conglomeration of the adsorbent the 

saturation is attributed to the occupation of active sites. 

To examine the temperature effect on the Pb2+ ions 

retention, the conditions: initial Pb2+ ions concentration: 

200 mg/L, agitation speed: 150 rpm, dose of adsorbent:  

2 g/L; pH  7 were kept while changing the temperature. 

According to Fig. 9, when the temperature increases, 

the lead adsorption capacities decreases and the metal 

retention reaches its maximum at 25 °C; which would be 

due to an increase in desorption at high temperature 

confirming that adsorption is an exothermic phenomenon.  

 

Comparisons of adsorption isotherm models 

The comparison of isotherms results obtained using 

linear method is shown in Table 3. The error functions 

are used to select the optimum isotherm. The best-fit 

isotherm was selected based on the error functions that 

produced minimum error distribution between the 

experimental and calculated amount of lead adsorbed. 

Considering the values of error equations (SSE, MSE, 
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Fig. 5: Effect of contact time on amount of adsorption of Pb2+ 

ions by treated clay at initial concentration : 50 mg/L; pH  7; 

agitation speed: 150 rpm; adsorbent dose: 2 g/L; temperature 

of solution: 25 °C. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6: Effect of pH on amount of adsorption of Pb2+ ions  

by treated clay at initial concentration : 50 mg/L; agitation speed: 

150 rpm; adsorbent dose: 2 g/L; temperature of solution: 25 °C. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7: Effect of initial Pb2+ ions concentration and adsorbent 

dosage on amount of adsorption of Pb2+ ions by treated clay 

(agitation speed: 150 rpm; pH: 7, temperature of solution: 25 °C). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8: Effect of adsorbent dosage on amount of adsorption of 

Pb2+ ions by treated clay (agitation speed: 150 rpm; pH: 7, 

temperature of solution: 25 °C). 

 

SAE, ARE, RMSE and R2), it was observed that  

the Freundlich isotherm model presents the lowest values 

of error, followed by Temkin isotherm, Langmuir, Elovitch, 

and Dubinin- Radushkevich isotherm respectively. 

For non-linear method, a trial and error procedure, 

which is applicable to computer operation, was developed 

to determine the isotherm parameters by minimizing  

the error distribution between the experimental data and 

the isotherms studied. The calculated isotherm parameters 

and the corresponding error functions are given in Table 3.  

It seems that the error functions corresponding to the 

minimized deviations between the experimental 

equilibrium data and predicted isotherms suggested 

Freundlich and Langmuir as the best fit isotherms 

followed by Temkin, Dubinin-Radushkevich and 

Elovitch isotherm.  

By comparing the error functions obtained by linear 

and non-linear regression method, it can be observed that 

the error functions of non-linear method are reduced. 

Except that of Temkin isotherm model, where the error 

functions are not changed for non-linear regression 

method. This could be explained by the great similitude 

between the linear and non-linear equation form for this 

model.  

Analyzing the results given in Table 3 and  

the comparison of experimental and predicted adsorption 

isotherms of  Pb2+ ions according to Freundlich, 

Langmuir and Temkin models (Fig. 10), it can be shown 
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Table 3: Linear and no-Linear isotherms models with two-parameters and error functions obtained for  

adsorption of Pb2+ ions onto treated clay. 

Linear and isotherms models with two-parameters 

 Freundlich Langmuir Temkin Dubinin-Radushkevich Elovich 

Parameters 
KF = 12.10 (mg/g) qmL = 45.04 (mg/g) BT = 454.55 (J/mol) qmD = 32.45 (mg/g) qmE = 8.08 (mg/g) 

n = 3.93 KL = 0.23 (L/mg) KT = 20.33 (L/mg) KD-R = 2.82 10-4 (mol2/kJ2) KE = 10.84 (L/mg) 

R2 0.96948 0.95416 0.95755 0.7899 0.82996 

SSE 40.31 61.54 56.77 344.9 263.5 

MSE 10.07 15.38 9.46 86.22 65.88 

SAE 11.41 16.36 15.66 38.07 33.59 

ARE 7.839 22.49 23.65 27.89 33.32 

RMSE 3.174 3.922 3.77 9.286 8.117 

No-Linear and isotherms models with two-parameters 

 Freundlich Langmuir Temkin Dubinin-Radushkevich Elovich 

Parameters 
KF = 3.89 (mg/g) qmL = 42.54 (mg/g) B = 454.55 (J/mol) qmD = 39.57 (mg/g) qmE = 9.7 105 (mg/g) 

n = 1.967 KL = 0.29 (L/mg) KT = 20.33 (L/mg) KD-R = 7.4 10-4 (mol2/kJ2) KE = 2.2.10-5 (L/mg) 

R2 0.98256 0.9626 0.95755 0.88475 0.61634 

SSE 22.72 49.89 56.77 167.9 1076.3 

MSE 5.68 12.473 9.46 42 269 

SAE 9.795 13.46 15.66 30.37 72.62 

ARE 12.72 19.19 23.65 34.31 63.18 

RMSE 2.38 3.53 3.77 6.48 16.4 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9: Effect of temperature on amount of adsorption of Pb2+ ions 

by treated clay. (agitation speed: 150 rpm;  initial concentration ion 

200 mg/L; pH  7 and adsorbent dose: 2 g/L). 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10: Comparison of experimental and predicted adsorption 

isotherms of Pb2+ ions according to Freundlich, Langmuir 

and Temkin models (two-parameters). 

 

0 20 40 60 80 100 120

0

10

20

30

40

50

       qe,exp

        Freundlich n-L

        Langmuir n-L

        Temkin n-L

q
e
(m

g
 g

-1
)

Ce

20                 30                40                50                 60 

Temperature (°C) 

50 
 

 
40 
 

 
30 
 

 
20 
 
 
 

10 
 
 
 

0 

A
m

o
u

n
t 

a
d

so
r
b

e
d

 q
 (

m
g
/g

) 

0           20          40          60          80         100         120 

Ce 

50 
 
 

40 
 
 

30 
 
 

20 
 

 

 

10 
 

 
 

0 

q
e
 (

m
g

/g
) 



Iran. J. Chem. Chem. Eng. A Comparative Study of the Linear and Non-Linear Methods ... Vol. 39, No. 4, 2020 

 

Research Article                                                                                                                                                                  163 

Table 4: Comparison of linear and non-linear isotherms models with three parameters and error functions  

obtained for adsorption of Pb2+ ions onto treated clay. 

Isotherm Models Unknown Parameters 
Error Functions 

SSE MSE SAE ARE RMSE R2 

Langmuir-Freundlich qmLF KLF β       

Linear 69.68 0.03 0.42 11.89 3.96 6.58 6.88 1.99 0.99080 

Non-linear 69.68 0.03 0.42 11.89 3.96 6.58 6.88 1.99 0.99080 

Sips qms Ks β  

Linear 69.6 0.23 0.42 11.89 3.96 6.58 6.88 1.99 0.99080 

Non-linear 69.6 0.23 0.42 11.89 3.96 6.58 6.88 1.99 0.99080 

Fritz- Schluender qmFS KFS α  

Linear 14.25 47.7 0.75 19.40 1697 154 97.65 41.2 0.98508 

Non-linear 15.88 7.31 0.77 15.47 5.16 7.29 9.93 2.27 0.98806 

Redlich-Peterson β B A  

Linear 0.77 7.28 115.6 15.47 5.16 7.29 9.95 2.27 0.98806 

Non-linear 0.77 7.28 115.6 15.47 5.16 7.29 9.95 2.27 0.98806 

Tôth qmT KT α       

Linear 747.2 0.29 0.28 1051 350.6 67.68 46.62 18.73 0.61036 

Non-linear 123.3 1.88 0.19 11.94 3.98 6.56 8.05 2.00 0.99076 

 

that the model of  Freundlich is the best to represent  

the experimental data of Pb2+ ions adsorption onto treated 

clay. Indeed, this model gives a relatively high error 

values R2 and the lowest other error values.  

The abilities of the three parameters equations, 

Langmuir–Freundlich, Redlich–Peterson, Sips, Fritz–

Schlunder, and Toth isotherms to model the equilibrium 

adsorption data were examined. Table 4 shows the 

isotherms parameters obtained using the linear and non-

linear fitting analysis. The better and perfect 

representation of the experimental results of the 

adsorption isotherms is obtained using the Langmuir–

Freundlich and sips model. According to Table 4,  

the coefficients of determination are very good (R2  0.990).  

Langmuir-Freundlich model constants namely qmLF, 

KLF and β were calculated using curve fitting tool 

(OriginPro 2017) and given in the Table 4. R2 values  

for Langmuir-Freundlich model were 0.9908 for non-linear 

and linear case. This model has shown high R2 values and 

low values for SSE, MSE, SAE, ARE and RMSE  

(for both linear and non-linear models) among all other three 

parameters models except sips model. The value of  

the maximum adsorption capacity obtained using  

the Langmuir-Freundlich equation are higher than those 

calculated by the Langmuir, Freundlich, and the 

theoretical values. 

The prediction of adsorption isotherms of lead onto 

treated clay by the Sips model is shown in Fig.11.  

The Sips equation fits adequately the experimental results. 

On the basis of the error functions values (Table 4).  

The maximum adsorption capacities are identical to those 

obtained using the Langmuir–Freundlich isotherm.  

The parameter KS and mS change in the same manner  

as the constants KLF and mLF of the equation of Langmuir–

Freundlich. 

The non-linear regression of Fritz- Schluender model 

gave parameters values like the Redlich-Peterson model 

affirming the theoretical correspondence of these two 

models as shown in the Table 4. The parameters got  

as a result of the linear regression and coefficient of 

determination as well as other functions given in Table 4 

does not fulfill the experimental data. 

Linear and non-linear trends of Toth model are shown 

in Table 4 which depicts a poor fit for linear model and 
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Fig. 11: Comparison of experimental and predicted adsorption 

isotherms of Pb2+ ions according to Langmuir-Freundlich, 

Sips, Toth and Fritz-Schluender models (three parameters). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 12: Comparison of experimental and predicted adsorption 

isotherms of Pb2+ ions according to Fritz-Schluender and 

Baudu models (Four and Five-parameters). 

 

a fine correlation in case of non-linear model. This is stated by 

comparing the values of R2 and other error functions 

given in Table 4. When mT is less than 1, it suggests  

that adsorption occurs on a heterogeneous surface.  

For homogeneous adsorbents mT is equal to 1. The Toth 

model exponent mT assessed by linear and non-linear 

regression lies between 0 and 1 recommending a decent 

correspondence of Toth isotherm with Langmuir isotherm 

as shown in Table 4. 

The results obtained using the three-parameter 

equations show that the best-fitted adsorption isotherm 

models were determined to be in the order: Langmuir–

Freundlich = Sips > Toth > Redlich-Peterson = Fritz-

Schluender. The above order revealed that the equilibrium 

data are better fitted by the three-parameter models rather 

than the two-parameter models. The Langmuir–Freundlich 

model was found to best represent the equilibrium  

data. 

The adsorption data were analyzed according to  

the non-linear form of the four-parameters isotherm models. 

An appropriate fitting of the experimental results of 

adsorption isotherms is obtained using the four-parameter 

model of Fritz–Schlunder (Fig. 12). From Table 5,  

the coefficients of determination (≥0.9908) are very good 

and low values for SSE, MSE, SAE, ARE and RMSE 

The prediction of equilibrium adsorption isotherms  

of lead by the Baudu model is presented on Fig. 12.  

An excellent description of the experimental results is 

obtained using the model of Baudu. On the basis of  

the average percentage error values (Table 5). The equation 

of Fritz-Schlunder seems better than that of Baudu.  

The value of the maximum adsorption capacity obtained 

using the Baudu isotherm are higher than those calculated 

by the Langmuir, Freundlich models and also superior  

to the theoretical values.   

The adsorption data were analyzed according  

to the non-linear form of the five-parameters isotherm model 

of Fritz-Schlunder. An adequate fitting of the experimental 

results of the adsorption isotherms is obtained using  

the five-parameters model of Fritz-Schlunder. From Table 5, 

the coefficients of correlation are very good ( 0.99107) 

and low values for SSE, MSE, SAE, ARE and RMSE. 

The value of the maximum adsorption capacity 

obtained using the Fritz-Schlunder (five-parameters)  

are better than that of Langmuir-Freundlich and Sips 

(three-parameters). The five-parameter models of Fritz-

Schlunder are better than that of Baudu and Fritz-

Schlunder with three-parameters. 

 

Kinetic Study 

The pseudo first order kinetic model is given  

by the accompanying differential equation [12, 37]. 

( )t
t e t

dq
K q q

dt
= −                     (2) 

Where, qt and qe are instantaneous and equilibrium 

uptakes (mg g-1) respectively. k1 (min-1) is the pseudo first 

order rate constant. Eq. (3) results in the accompanying 

linearized form for the conditions of qt = 0 at t = 0. Linear 

plots ln (qe – qt) vs. t (Fig. 13) indicate the graphical 

conduct of pseudo first order kinetic model. 

( )e t eln q q lnq K t− = − 1                    (3) 
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Table 5: Comparison of linear and non-linear isotherms models with Four and Five-parameters and error functions  

obtained for adsorption of Pb2+ ions onto treated clay. 

 Fritz et Schluender IV ( four-parameters) Baudu ( four parameters) Fritz et Schluender V (five-parameters) 

Parameters 

A 21.21 qm0 75.07 qm 46.85 

B 0.59 b0 0.21 K1 0.71 

α 0.51 x -0.56 K2 1.62 

β 0.42 y -0.01 α 0.096 

    β -0.42 

R2 0.9911 R2 0.9908 R2 0.9911 

Error Functions 

SSE 11.5 SSE 11.54 SSE 11.5 

MSE 1.9 MSE 1.92 MSE 1.92 

SAE 6.6 SAE 6.62 SAE 4.61 

RMSE 7.9 RMSE 7.93 RMSE 7.9 

ARE 1.7 ARE 1.7 ARE 1.7 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13: Pseudo-first order kinetic plots for the adsorption  

of Pb2+ ions onto treated clay at different concentrations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 14: Pseudo-second-order kinetic plots for the adsorption 

of Pb2+ ions onto treated clay at different concentrations. 

 

The non-linear type of the pseudo first order kinetic 

model is given as follows: 

( )K t
t eq q e

−
= − 11                     (4) 

The pseudo second order kinetics can be determined 

using following rate equation [12, 37]. 

( )t
e t

dq
K q q

dt
= −

2

2                     (5) 

Where, K2 (g/mg.min) is pseudo second order rate 

constant. Eq. (6) gives a linear equation on integration 

with initial conditions of at t = 0 and qt = 0. 

t ee

t t

q qK q
= +

2
2

1
                     (6) 

The term K2qe
2 is termed as initial sorption rate represented 

by h (mg/g.min) and non-linear form is as follows: 

e
t

e

q K t
q

q K t
=

+

2
2

21
                     (7) 

A linear plot of 𝑡/𝑞𝑡 vs t demonstrates the graphical 

conduct of pseudo second order kinetic model (Fig.14). 

Linear regression is frequently used to determine  

the best fitting kinetic model; the best-fit kinetic equation 
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Table 6: Kinetic data obtained by linear regression of two used kinetic models. 

Pseudo-First-Order (linear regression) Pseudo-Second-Order (linear regression) 

Concentration (mg L-1) 
qe,,exp 

(mg g-1) 

qe, cal 

(mg g-1) 

K1 

(min-1) 
R2 SSE 

qe,,cal 

(mg g-1) 

K2 

(g mg-1 min-1) 
R2 SSE 

  10 04.97 0.922 0.075 0.7978 0.45 5.003 0.3236 0.9996 0.0833 

  25 11.90 1.748 0.054 0.6273 0.94 11.95 0.1319 0.9994 0.2357 

  50 23.00 20.31 0.051 0.9903 11.01 28.33 0.0034 0.9983 0.3812 

100 34.00 22.91 0.050 0.9245 12.5 37.04 0.0035 0.9982 1.0993 

150 40.85 31.32 0.051 0.9860 17.01 44.25 0.0024 0.9984 0.3523 

200 44.65 35.48 0.056 0.9843 18.73 49.26 0.0021 0.9988 0.8137 

 

Table 7: Kinetic data obtained by non-linear regression of two used kinetic models. 

  Pseudo-First-Order (non-linear regression) Pseudo-Second-Order (non-linear regression) 

Concentration (mg L-1) 
qe,,exp 

(mg g-1) 
qe, cal 

(mg g-1) 

K1 
(min-1) 

R2 SSE 
qe,,cal 

(mg g-1) 
K2 

(g mg-1 min-1) 
R2 SSE 

10 04.97 4.75 0.62 0.9979 0.09 5.65 0.0173 0.9971 0.62 

25 11.90 11.5 0.65 0.9980 0.76 13.54 0.0073 0.9971 0.70 

50 23.00 24 0.07 0.9888 0.93 28.55 0.0032 0.9976 0.39 

100 34.00 32 0.09 0.9973 0.97 37.86 0.0031 0.9913 1.03 

150 40.85 38 0.08 0.9903 1.37 44.36 0.0023 0.9992 0.33 

200 44.65 42 0.078 0.9972 2.19 50.08 0.0019 0.9971 0.77 

 

is selected based on the error functions that produced 

minimum error distribution between the predicted and 

experimental values. The Slopes and intercepts of plots  

of the linear representations (Fig. 13 and Fig. 14) were obtained 

to determine the rate constants and equilibrium 

adsorption amount qe of the pseudo-first order and 

pseudo-second order. Table 6 shows the calculated K1 

and qe values and the corresponding error function values. 

From Table 6, it was observed that the R2 values were 

high for the pseudo-second order (≥ 0,99) but were low 

for the pseudo-first order model. The SSE values 

confirms the good fit of the experimental data with the 

pseudo-second order model more than with the pseudo-

first order. In consequence, by using the linear regression 

method the pseudo-second order model was found to  

well define the kinetic of adsorption of lead into the treated clay. 

In the case of the non-linear method, the software 

Origin lab version 9 was used for determining  

the pseudo-first-order and pseudo-second-order kinetic 

parameters. The kinetic parameters determined  

by the non-linear method are listed in Table 7. From these 

results, it was observed that the nonlinear forms (pseudo-

first-order, pseudo-second-order) exhibited higher R2 

values than the linear forms. Furthermore, the error 

function (SSE) exhibited a lower value than those of  

the linear forms for the whole range of experimental data. 

From Table 7, it was observed that the kinetic 

parameters associated with the pseudo-second-order model 

calculated by linear and nonlinear methods varied a little. 

However, when the values of the error function (SSE) 

corresponding to the non-linear pseudo-second-order 

equation were analyzed, it was observed that the values  

of the error function were lower than those of the linear 

form. Therefore, the non-linear pseudo-second-order kinetic 

model was better than the pseudo-first-order model  

in the simulation of kinetics of lead onto the treated clay. 

 

Comparison of Algerian treated clay with various 

adsorbents 

The comparison of adsorption capacity of the 

Algerian treated clay with that of various adsorbents  

is given in Table 8. The Algerian treated clay has a high 

adsorption capacity as comparable with that of the other 

adsorbents. 
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Table 8: Comparison of maximum adsorption capacities of Pb2+ ions by various adsorbents. 

Adsorbent Adsorption capacity, qm (mg/g) References 

Jordanian Kaolinite 13.32 [48] 

Polyphosphate-modified kaolinite Clay 25.13 [49] 

Clinoptilolite 27.70 [50] 

Montmorillonite 31.10 [51] 

PVA-modified Kaolinite clay 36.23 [52] 

Tetraborate modified Kaolinite clay 42.92 [53] 

Algerian treated clay 46.85 This work 

Smectite 49.56 [54] 

 

CONCLUSIONS 

The ability of treated clay to remove Pb2+ ions from 

aqueous solutions has been studied at different operating 

conditions: contact time, initial metal ion concentrations, 

dose of adsorbent, pH, and temperature. The optimum pH 

for lead ions retention was found 7.0 for the treated clay. 

The effect of temperature on the adsorption phenomenon  

was also investigated. The results indicated that adsorption 

is an exothermic process for lead ions removal 

The results of the present study show that the non-

linear regression method was the best method to obtain 

the isotherm parameters and to select the optimum 

isotherm, compared to that of the linear regression.  

The comparison between non-linear isotherms shows that 

the Fritz-Schlünder isotherm is the best-fitting model  

for the adsorption of lead onto treated clay. 

The classification of all the tested models for the 

description of adsorption equilibrium isotherms of lead 

on treated clay is as follows:  Fritz–Schlunder (five-

parameters) > Langmuir–Freundlich (three- parameters) 

= Sips > Toth > Fritz–Schlunder (four-parameters) > 

Baudu > Redlich–Peterson > Fritz–Schlunder(three- 

parameters) > Freundlich > Langmuir > Temkin > 

Dubinin-Radushkevich > Elovich. 

This study shows that the best-fitting non-linear forms 

of the pseudo-first-order and pseudo-second-order kinetic 

models were superior to the linear forms. The model 

parameters may be distorted when the non-linear 

equations were transformed to linear forms Moreover,  

the non-linear kinetic equations have the advantage of there 

being no need to know the value of qe,exp before fitting 

the experimental points. Therefore, the non-linear method 

should be primarily adopted to obtain adsorption 

parameters. In addition, the error analysis using the SSE 

method may be better than using the determination 

coefficient (R2) to determine the best-fitting models. 
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Supplementary information 

 

Table S1: Observed data of the adsorption experiments in order to assure the linear and non-linear regression calculations. 

Co(mg L-1) Ce(mg L-1) V(l) m(g) % Q 

10 0,06 0,1 0,2 99,4 4,970 

25 1,2 0,1 0,2 95,2 11,900 

50 4 0,1 0,2 92 23,000 

100 32 0,1 0,2 68 34,000 

150 68,3 0,1 0,2 54,467 40,850 

200 110,7 0,1 0,2 44,65 44,650 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. S1: Calibration curve of ranging from 0 to 200 mg L-1 of 

determination of Pb2+ concentration by a flame atomic 

absorption spectrophotometer 
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