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ABSTRACT: The aim of this study is to characterize and find the location of geological 

boundaries in different wells across a reservoir. Automatic detection of the geological boundaries 

can facilitate the matching of the stratigraphic layers in a reservoir and finally can lead to a correct 

reservoir rock characterization. Nowadays, the well-to-well correlation with the aim of finding  

the geological layers in different wells is usually done manually. For a rather moderate-size field 

with a large number of wells (e.g., 150 wells), the construction of such a correlation by hand is a quite 

complex, labor-intensive, and time-consuming. In this research, the wavelet transform as well as  

the fractal analysis, with the aid of the pattern recognition techniques, are used to find the geological 

boundaries automatically. In this study, we manage to use the wavelet transforms approach  

to calculate the fractal dimension of different geological layers. In this process, two main features, 

the statistical characteristics as well as the fractal dimensions of a moving window, are calculated 

to find a specific geological boundary from a witness well through different observation wells.  

To validate the proposed technique, it is implemented in seven wells of one of the Iranian onshore 

fields in the south-west of Iran. The results show the capability of the introduced automatic method 

in detection of the geological boundaries in well-to-well correlations. 
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INTRODUCTION 

The main purpose of reservoir characterization  

is constructing a three-dimensional model of a reservoir 

(i.e., geological model) that can be representative of rock 

and fluid properties of the porous media under study. 

Such a reservoir model is required to optimize well 

placement [1] and to design an optimal plan for oil  

and gas reservoir development in its early stages [2,3].  

In this regard, a variety of input data should be used 

including well-log, core analysis, two and three-dimensional 

seismic, reservoir fluid properties, pressure testing,  

 

 

 

production, etc. [4]. Among these data, core analysis, 

petrophysical data, and geophysical data play the most 

important role in reservoir characterization and especially 

in well-to-well correlation. Coring operation is not 

usually implemented in all wells and seismic acquisition 

is done just on a section of a field in most cases. 

However, logging results are available in most of the 

wells. Therefore, in well-to-well correlation, a method 

that can stratigraphically characterize a reservoir by 

implementing the well-log data is quite valuable [5]. 
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In well-to-well correlation, finding the depth of  

a specific geological layer among different wells is usually 

done manually by implementing some visual and 

qualitative analyses. The accuracy of boundary detection 

depends on the amount of experience of the analyzer; 

therefore multi-interpretation by several interpreters  

is not unexpected. Analyzing hundreds of wells in a field 

requires a lot of time and in geologically complicated 

fields, the process sometimes becomes even impracticable. 

The existence of discontinuities e.g., faults, pinch-outs, 

make this process more difficult. Furthermore,  

this process becomes a slow procedure. While automated 

method provides total well-to-well correlation just  

in several minutes. Implementing a computer-based 

program, which is able to automatically afford  

the well-to-well correlation can facilitate the reservoir 

characterization process. High speed, low cost, and 

preventing from multi interpretations are the benefits of 

our automated method compared to the manual ones.  

In the past three decades, the methods of automatic 

geological boundary detection have had remarkable 

progress. The use of dynamic programming, pattern 

recognition, and wavelet transform approaches are some 

efforts to achieve the desired well-to-well correlation. 

Rivera Vega used wavelet transform to interpret  

the phenomenon of depositional cycles in logs and core data 

from a well in a fluvioeolian sequence in Ormskirk 

Sandstone, Irish Sea. The boundary detection technique 

was tested using log data from 10 wells in the Apiay 

field, Colombia [6]. Zoraster et al. implemented  

the dynamic programming approach in well-to-well 

correlation to determine geological boundaries with 

regard to the changes that may be present in the thickness 

of the layers [7]. Yuan in 2013 processed the data of  

the late Permian coal-bearing strata in western Guizhou.  

The study mainly focused on the controlling effects, 

which Milankovitch had on the high-frequency sequence. 

The Milankovitch cycle can be used as a ruler of sequence 

stratigraphy division and correlation to ensure the 

scientificity and the unity of sequence stratigraphy 

division [8]. Perez-Muñoz implemented a wavelet 

transform of gamma ray, resistivity, and sonic logs  

to recognize geological layers of Chicontepec formation, 

Mexico. They calculated wavelet transform coefficients 

along the well and considered points that contain higher 

wavelet energy as the shale layers, while the low energy 

indicated the presence of sandstones and medium energy 

indicated the sandstone-shale intercalation [9]. Lapkovsky  

in 2015 considered a variant of automatic correlation 

between good sections based on the construction of 

multidimensional functions of differences between 

fragments of logs. A multidimensional-difference 

function was constructed which is used to compare each 

well simultaneously with the totality of its surrounding 

wells and optimize the correlation solution by minimizing  

this difference. The well-log correlation model is 

obtained by constructing the optimal trajectory in  

the field of the distance function [10]. The optimal line 

was constructed using an ant colony algorithm [11] and  

a wave algorithm [12]. The points of this line were  

the values of pairs of depths of the wells being compared 

that are minimally different from each other according  

to the set of log curves used. In 2016, Subhakar and 

Chandrasekhar carried out fractal and multi-fractal 

analysis of neutron and gamma logs using Detrended 

Fluctuation Analysis (DFA) to find out geological 

boundaries [13]. Ye et al. provided a semi-automated 

method based on well-log pattern recognition. The CWT 

phase image exhibits oval-shaped after mirroring.  

A Significance-of-Cone (SOC) method has been 

developed to extract the boundary information [14].  

In 2017, Kadkhodaie and Rezaee used Continuous 

Wavelet Transform (CWT) to decompose gamma ray and 

porosity log into a set of wavelet coefficient. A Discrete 

Wavelet Transform (DWT) is utilized to decompose well-

logs into smaller frequency bandwidths called 

approximation and details. Sequence boundary 

recognized through hybridizing bot CWT and DWT 

coefficient [15]. 

The aim of this study is to implement an automated 

method for well-to-well correlation. The statistical 

features, as well as the Fractal dimension of the log signals 

through a sliding-window approach, are used to encounter 

the associated geological boundaries among multiple wells. 

This approach is tested on well-log data of one of the 

Iranian onshore fields. The geological features of the 

witness well are searched through the next six observation 

wells. For computing the Fractal dimension of each  

well-log window, the Wavelet transform analysis is used.  

To present this study, this manuscript has been 

organized as follows. First, the wavelet transform  

is introduced and then the idea of using self-similar shapes 



Iran. J. Chem. Chem. Eng. Reservoir Rock Characterization Using Wavelet Transform ... Vol. 37, No. 3, 2018 

 

Research Article                                                                                                                                                                  225 

and fractal dimension is presented. Following the primary 

definition of the mathematical tools in this study, the 

calculating method of the fractal dimension  

by wavelet transform is described in detail. It is followed 

by testing the applicability of the introduced automated 

approach in one of the Iranian fields. 

 

WAVELET TRANSFORM 

What is called the wavelet analysis is a tool for 

transformation that has the capability to decompose  

a time-domain signal into a set of basic functions called 

wavelet basis. The wavelet basis functions are obtained 

by dilating and translating of a mother wavelet function. 

The result of the wavelet transform is some wavelet 

coefficients, which is the function of position and scale. 

By multiplying each of these coefficients by the child 

wavelet, the input signal can be restored. The wavelet 

transform, WT(f(t)), of a signal like f(t) in time dimension 

is as follows: 

*
a,bWT(f (t)) f (t) (t)dt





                                            (1) 

Where, sign “*” denotes the complex conjugate of 

function. In the above equation, f(t) is the signal of 

interest, 
, ( )a b t  is the analyzer wavelet function.  

The wavelet functions known as child functions are obtained 

by dilating, a, and translating, b, of a mother wavelet, , 
[16, 17]. 

a,b

1 t b
(t) ( )

aa


                                                       (2) 

In order that a function is selected as a wavelet basic 

function, it must have some specific conditions. The first 

condition is known as admissibility condition [16].  
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                        (3) 

Where  is the frequency of mother wavelet in the 

Fourier domain. It can be proved that such a function, , 

that has the admissibility condition can be used for 

wavelet transform without losing any information during 

the transformations [16]. This condition indicates that  

the Fourier transform of mother wavelets in frequencies 

close to zero disappear. In other words: 

2
ˆlim ( ) 0 0                                             (4) 

Which shows that the frequency component of the 

function is not zero. Zero at frequencies close to zero 

means that in time dimension the average of mother 

wavelet function must be zero: 

(t)dt 0





                                                                   (5) 

In other words, the mother wavelet function must be 

fluctuating to satisfy the above condition. 

The mother wavelet function must have limited 

energy in the time dimension [17].  

2
E (t) dt





                                                         (6) 

The wavelet transform function has at least one 

vanishing moment [17]. Mother wavelet function has d  

vanishing moments if and only if for all non-negative 

integer number, q, that q<d we have: 

qt (t)dt 0





                                                               (7) 

The wavelet transforms analysis is a new 

mathematical method instead of the conventional Fourier 

analysis [16, 17]. Today, two kinds of the wavelet 

transform, Continuous Wavelet Transform (CWT) and 

Discrete Wavelet Transform (DWT) have been 

developed. Sometimes Discrete Wavelet Transform 

called orthogonal wavelet transform. The reason is the 

use of orthogonal functions in discrete wavelet transform.  

 

FRACTALS AND SELF-SIMILAR SHAPES 

The vast amount of the literature in the past decade 

was dedicated to analyzing dynamic systems and their 

physical governing relations. The success in this area 

depends on the predictability of the system behavior.  

The Euclidean geometry, which based on lines and regular 

geometric shapes, is a powerful tool to analyze  

the governing relation of these systems. In addition,  

 differential equations play an important role in studying  

the growth of such systems. However, the natural 

phenomena such as mountains, clouds, and trees cannot 

be expressed exactly by this regular geometrics  

in the Euclidean geometry. In the past decades, understanding 
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the behavior of such systems has had great development. 

The Fractal geometry is indicative of the behavior of 

complex shapes that are scattered throughout the 

universe. Until now, there is not any common definition 

of what is called fractal, but it is clear that fractal shapes 

are very different from Euclidean shapes [18]. Fractals 

are natural phenomena that have a self-similar property 

in different size scale, which is hidden behind a quite 

irregular shape. 

The Fractal dimension is the most important key 

factor of any type of fractal phenomena since it contains 

information about the geometry of self-similar shapes. 

There are several definitions available for fractal 

dimension, but these dimensions are not easy to calculate. 

A number of different parameters to describe the 

properties of fractals have been introduced (e.g. fixed 

Hurst parameter Hausdorff etc.). 

If a self-similar shape was formed by N  copies of 

itself, which each one has a magnification factor of r, 

then the parameter of self-similarity or the fractal 

dimension is obtained from the following definition: 

Log(N)
D

Log(r)
                                                                   (8) 

Using the box-counting method [19] fractal 

dimension is the slope of the line when we plot the value 

of Log(N) on the Y-axis against the value of Log(r)  

on the X-axis. This definition for a straight line results 

one and for a square results two. 

The self-similarity characteristic can be divided  

into two categories, deterministic fractals, and random 

fractals. In the first group, there are two major categories: 

the exactly self-similar fractals and the statistical fractals. 

The random fractals are shapes that generated randomly 

or by chance but the exactly self-similar fractals  

can be expressed by a precise formula. The exactly  

self-similar shapes can be divided into finer pieces as each  

of these pieces are exactly the same as the main shape [20]. 

In Fig. 1 a Mandelbrot set with a continuously colored 

environment is presented as a fractal shape. 

The mathematical model that can express the 

characteristics of the statistical fractals is expressed  

by the fractional Brownian motion (fBm), which is widely 

used to model the random fractals [21]. For the first time, 

fBm was introduced by Mandelbrot and Van Ness  

in 1968 [22] and until now it has been used to model many  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1: Mandelbrot set as a complex fractal shape. 

 

scientific phenomena. The fractal Brownian motion is  

a generalization of the Brownian motion, just as the 

Brownian motion has its own specific characteristics.  

If fBm is specified by BH function then this function shows  

a unique process which has the following general 

characteristics [23, 24]: 

1- Is a Gaussian process with zero mean in which 

(0) 0HB    

2- Is a statistical self-similarity process with Hurst 

parameter (a kind of fractal dimension), 0<H<1. ( is  

a constant number) 

H
H HB ( t) B (t)                                                           (9) 

3- It has stationary increment characteristic. 

According to the conditions, (2) and (3), fBm is a  

self-similar process with stationary increments. The second 

condition dictates that the above process is not static.  

As mentioned, fBm is a generalization of the Brownian 

motion model or Gaussian noise [25].  

 
 i t

H H 0.5

1 1
B (t) e 1 dB( )

2 i







  
 
                      (10) 

Where B() in the above equation is the usual 

Brownian motion. 

 

FRACTAL ANALYSIS BY WAVELET TRANSFORM 

There are several methods for computing of the fractal 

dimension: Power spectrum method [19], Variance 

method [19], Wigner-Ville description method [19, 22], 

Differencing variance method, Aggregated variance 
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method [26], Welch periodogram [22], Higuchi method [27], 

Whittle method are such examples [26, 28]. The typical 

method of calculating fractal dimension is implementing 

the wavelet transform. The wavelet transform has this 

capability to zoom in and out on a signal in different 

scales with the help of its mathematical methodology.  

In other words, when a signal shows a self-similar 

behavior in different size scales, it is possible to detect 

this behavior by using wavelet transform [24, 25]. 

In this study, the Hausdorff dimension (i.e., a fractal 

dimension) is used to determine the self-similar characteristic 

of the well-log. To calculate the Hausdorff parameter,  

the following process can be implemented [29]: 

1- Select a sequence of scales, a1>a2>…>ak, say aj=2-j, 

where j= 1,…,k. 

2- Define a set of bi-variant data (xj;yj), j=1,…,k, by 

setting. 

j j j t jx Log(a ) & y y (a )                 (11) 

3- Estimate of the 
aH  parameter by regression. 

  
 

j j

j

a

x x y y
1

x x
H (t)
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                               (12) 

Where  x  and y  are the averages of jx and jy . Ha 

in the above equation is the Hausdorff dimension. 

Since each geological layer has a specific behavior  

in terms of the rock properties; therefore, the fractal 

dimension of well-log obtained for that layer expected  

to be almost identical. In a better word, the different layers 

of a reservoir act as a series of several fractal signals.  

In fact, well-logs of different layers act as a multi-fractal 

behavior [30,31]. Therefore, the fractal dimension of  

each geological layer has its own value, which is different 

from other adjacent layers. Calculating the fractal 

dimension of two different layers, they can be easily 

recognized. 

 

AUTOMATED PROCEDURE FOR GEOLOGICAL 

BOUNDARY DETECTION  

The purpose of this study is to evaluate the 

performance of a novel method in well-to-well correlation. 

To detect geological boundaries, a sliding window 

approach is adapted from a study by Rivera Vega [6].  

A window is placed on the well-log of the witness  

well as its center coincides with the selected boundary. 

Two signals, one in the top and one at the bottom of the 

window are available. As the geological layers have 

different signal features, the idea is finding both the 

statistical characteristics as well as the fractal behavior of 

these features in witness well and searching for the same 

behavior in the observation wells (Fig 2).  

The statistical features for analyzing the upper and 

lower windows were selected from Rivera Vega [6].  

The first feature is the signal average that calculated  

for the upper and lower windows, 

b

i
Upperor Lower i 1

f

f
b




                                                    (13) 

Where b is the number of well-log data  

in the upper or lower window. The next feature is  

the coefficient of variation, which is calculated as follows: 

Upperor Lower
Upperor Lower

Upperor Lower

var(f )
Cv

f
                           (14) 

in which, var is the variance of the signal. As  

the coefficient of variation is a dimensionless number,  

it is preferred to the variance and standard deviation.  

The maximum to minimum ratio is the next feature, 

which can be an indicator of the intense changes  

in the signal. This parameter may contain information of 

shale-to-sand ratio. 

Upper or Lower

Upperor Lower
Upperor Lower i
max/min

i

max(f )
f

min(f )
                               (15) 

In addition to the introduced statistical parameters,  

the most important key parameter, which is considered 

for both parts of the upper and lower window  

is the Hausdorff parameter. As aforementioned,  

this fractal dimension is calculated using the 

methodology described in the last section based on the 

wavelet transform. Computation of this parameter in 

conjunction with the statistical coefficients is the main 

idea of this study. To achieve this, the upper and lower 

parts of the sliding window are decomposed in the 

wavelet domain to different size scales and 

consequently, the fractal dimension (i.e., Hausdorff 

parameter) of each sub-window will be calculated. 
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Fig. 2: Schematic of a window around the selected geological boundary (B1 boundary between stratigraphic layers of L1 and L2) 

in witness well. The features of the well-log signal are calculated at both sides of the boundary (i.e., lower and upper windows). 

 

The principal assumption is the multi-fractal behavior of 

each layer in the sub-windows.  

Subsequent to the calculation of the statistical 

parameters as well as the fractal dimension of the upper 

and lower sub-window for a specific geological layer  

in the witness well, the algorithm searches for the same 

layer in the other wells (observation wells) of the field. 

The search process is based on the moving of a window 

with the same size in the witness well along the entire 

length (depth) of the observation wells. The schematic  

of searching in the observational wells is depicted in Fig. 3. 

Our algorithm automatically searches for a specific 

depth in the observation wells that has the same statistical 

parameters as well as the fractal dimension as  

was previously observed in the witness well for the selected 

boundary (i.e., geological boundary). The depth  

in the observation wells that has identical properties  

as the boundary in the witness well is considered as the same 

geological boundary. The algorithm continues to detect 

the other boundaries of the formations in the witness well 

among the observations wells. In order to calculate  

the similarity probability of the features of the selected 

geological layer in the witness well with different 

locations of the observation wells (i.e., the positions of 

the moving window along the observation well depth),  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: The features calculated along the entire length (depth) 

of the observation wells in a sliding window with the same size 

of the window used in the witness well. 
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Fig. 4: The flowchart of the implemented algorithm. 

 

an error matrix was defined. This matrix is formed  

by subtracting the value of the feature calculated  

in the witness well, WF, from the observation wells one, OFi. 

i iEr WF OF i 1,2,..., NDP                                 (16) 

Where NDP is the number of windows along  

the observation well. If the calculated features, 

1,2,...,k f (which f  is the number of features: 

equations 12 to 15),  are independent of each other,  

then the conditional probability that each depth of  

the observation well be identical to the selected boundary 

in the witness well can be computed as, 

   
f

i k i,k

k 1

P O W P O W


                                          (17) 

Assuming the Gaussian distribution for the error with 

the average of zero and standard deviation of  ,  

the conditional probability for each depth of the witness 

well that is similar to the selected boundary in the witness 

well for a specific feature, k , can be calculated as, 

  i,k
k i,k 22

kk

E1
P O W exp

22

 
     

                             (18) 

Fig. 4 shows the flowchart of the analysis. It is worth 

mentioning that all the analyses were implemented  

in MATLAB software package. 

 

CASE STUDY 

To validate the introduced methodology, data of  

one of the Iranian onshore fields were used as a case study 

(Fig. 5). This field is a rather long and asymmetric 

anticline with a length of about 22.5 km and width of 4.5 km, 

which is located at 7km of northeast of Ahwaz.  

In 1970, the existence of oil in this field has been proved 
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Fig. 5: The structural cross-section map of the field under 

study. 

 
by drilling the first well. The total volume of oil in place 

and recoverable oil are 2308 and 542 million barrels, 

respectively. The estimated API of the field is between  

28 and 36. The oil is produced from the Asmari formation, 

which is between 370 to 400 meters thick. The formation 

rock is composed of limestone, dolomite, sandstone and 

shale stone. About 70% of the total amount of 

hydrocarbon is stored in sandstone. The average value of 

the porosity and water saturation in this field is about 

23.7% and 27.7%, respectively. Because of the low dip  

of the anticline limbs, the existence of the fractures  

is less probable. The field is divided into 4 layers. The first 

and third layers contain oil and the second and fourth layers 

contain water. As shown in Fig. 5, each layer composed 

of several main zones and sub-zones. As an example,  

the introduced well-to-well correlation algorithm  

was implemented to find the boundary that separates the 

two sub-zones of Z6-1 and Z6-2. This boundary is located  

in the third layer, Asmari, and is at the interface of  

water-oil-contact. This 80 meters thick layer composed of  

34 meters sandstone and 11 meters shale stone and the rest 

is dolomite and limestone. 

Among the available well-log, the Gamma-ray log, 

which is available in all wells of the field, was used  

as the input signal in this study (Fig. 6). “Heterogeneity” 

as the variability of an individual or combination of properties 

including sedimentological characteristics and fractures [32] 

can affect well-to-well correlation results either in  

manual or automated methods. However, using another 

source of data, such as other well-logs and core analysis 

can amplify automated well-to-well correlation especially 

in the heterogeneous fields. 

 
RESULTS AND DISCUSSION 

To validate the introduced algorithm on real data  

the well #01 is considered as the witness well and  

the boundary at the depth of 3131.9 meters which 

separates Z6-1 from Z6-2, was considered. The aim  

of this case study is to detect this boundary in the rest of 

the observation wells. 

Fig. 7 is an example of our program output in Matlab. 

From left to right the figure depicts the witness well-log, 

that the selected boundary is indicated by the horizontal 

line across it; the middle graph shows the observation 

well logs, and the right figure is the normalized 

probability along the depth of the observation well.  

The higher probability value in the third figure indicates 

that its corresponding depth has a greater chance to be 

identical with the selected geological layer of the witness 

well. Size of the moving window has great importance,  

In order to detect the exact depth of the boundaries and  

to avoid the influence of the adjacent layer in the estimation 

of the parameters in the thin layers; calculation must be done 

within a window, which its size is not larger than the 

thickness of the geological layers. In this analysis,  

by checking the thickness of the layers in the witness well, 

the appropriate length of the moving window  

was considered fixed as 10 meters. 

According to the normalized probability graph,  

the depth of 3053.5 meters in the observation well has  

the greatest probability i.e. it has the closest match  

to the selected depth (geological boundary) in the witness well. 

Comparing the results obtained from the new automatic 

algorithm in Well #02 with the manual well-to-well 

correlation reports available from the field data shows 

that there is only a 0.5 meters deviation between these 

two results. Table 1 summarizes the results of our 

implemented algorithm in comparison with the manual 

Results of the well-to-well correlation in the field under study. 

It can be seen that the results of the developed 

algorithm used in this study are in complete agreement 

with the conventional manual well-to-well correlation 

techniques. The average deviation of results is about 1.06 m, 

which is quite acceptable. Considering the aforementioned 

benefits of the developed automatic pattern recognition 
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Fig. 6: Gamma-ray log of all wells in the field under study, X-axis unit is GAPI. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7: Output of the introduced program, left: Gamma-ray data of the Well#01 (witness well), middle: Gamma-ray of  

Well#02 (observation well) right: normalized probability along the observation well 

 

a technique to decrease the time of the analysis proves the 

capability and applicability of this method in the automatic 

analyses of the well-to-well correlations. 

 

CONCLUSIONS 

This study was focused to implement an automated 

algorithm to find geological boundaries during well-to-well 

correlation with the help of the pattern recognition 

method. Computing some key characteristics of a 

window around the selected boundary in the witness well 

and searching for the same window in the observation 

wells is the main algorithm of this methodology.  

In addition to some statistical features, the fractal dimension 

was used as the characteristic properties of the well-log 

signals. In addition, the discrete wavelet transform method 

was used to calculate the Hausdorff fractal dimension.  
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Table 1: Summary of the result for finding the selected boundary with the automatic pattern recognition-based method in 

comparison with the conventional manual well-to-well correlation method 

Well Name Well Type 
Depth of the boundary from the 

manual approach (m) 

Calculated depth of the boundary by the automatic 

method (m) 

Deviation 

(m) 

Well # 01 Witness 3131.9 - - 

Well # 02 Observation 3035.0 3035.5 +0.5 

Well # 03 Observation 3160.0 3162.9 +2.9 

Well # 04 Observation 3260.8 3261.1 +0.3 

Well # 05 Observation 3134.0 3133.0 -1.0 

Well # 06 Observation 3140.0 3137.5 -2.5 

Well # 07 Observation 3176.0 3177.2 +1.2 

 

The presented algorithm is able to detect 

automatically the geological boundaries of the witness 

well in the other observation wells. One of the advantages 

of this method is the lack of influence of the real changes 

in the thickness of layers or the discontinuities across  

the formation. Furthermore, the automatic feature of  

this method can eliminate inconsistencies in the manual 

methods and can facilitate the well-to-well correlation 

process. The results obtained from the use of this 

algorithm on a real case study on one of the Iranian fields 

were confirmed the less computing time and the overall 

effectiveness of this method. 
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