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ABSTRACT: All solving methods available in the literature are formulated for direct solution of
stagnation point flow and its heat transfer impinging on the surfaces with known boundary conditions.
In this study for the first time, an anumerical code based on Levenberg—Marquardt method is presented
for solving the inverse heat transfer problem of an annular jet on a cylinder and estimating the time-dependent
heat flux using temperature distribution at a specific point. Also, the effect of noisy data on the final results
is studied. For this purpose, the numerical solution of the dimensionless temperature and the convective
heat transfer in a radial incompressible flow on a cylinder rod is carried out as a direct problem.
In the direct problem, the free stream is steady with an initial flow strain rate ofk[]. Using similarity variables
and appropriate transformations, momentum and energy equations are converted into Semi-similar equations.
The new equation systems are then discretized using an implicit finite difference method and solved
by applying the Tri-Diagonal Matrix Algorithm (TDMA). The heat flux is then estimated by applying
the Levenberg—Marquardt parameter estimation approach. This technique is an iterative approach based
on minimizing the least-square summation of the error values, the error being the difference between
the estimated and measured temperatures. Results of the inverse analysis indicate that the Levenberg—
Marquardt algorithm is an efficient and acceptably stable technique for estimating heat flux
in axisymmetric stagnation flow. This method also exhibits considerable stability for noisy input data.
The maximum value of the sensitivity coefficient is related to the estimation of exponential heat flux and
its value is 0.1619 also the minimum value of the sensitivity coefficient is 5.62x10° which is related to the
triangular heat flux. The results show that the parameter estimation error in calculating the triangular and
trapezoidal heat flux is greater than the exponential and sinus—cosines heat flux because the maximum
value of RMS error is obtained for these two cases, which are 0.481 and 0.489, respectively the reason
for the increase in the errors in estimating these functions is the existence of points where the first derivative
of the function does not exist. The problem is particularly important in pressure-lubricated bearings.
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INTRODUCTION

While it is relatively simple to measure temperature
(e.g., with thermocouples, infrared cameras, or Resistance
Temperature Detectors (RTDs)), it is challenging to measure
heat fluxes, especially in operating devices. Direct heat
transfer problem involves determining the temperature of
internal points of a region when the initial and boundary
conditions, as well as the thermo-physical characteristics,
heat generation, heat flux, or the wall temperature, are known [1].
Unlike direct problems, inverse heat transfer problems are
defined as the estimation of initial and boundary
conditions, material characteristics, source and sink terms,
and governing equations by considering the distribution
of the measured temperature in one or more internal
points [2].

Because of the solution stability, inverse problems
are much harder to solve compared to direct problems.
Mathematically, these types of problems are called ill-posed
problems. In recent decades, through the emerging
advanced computers, inverse solution techniques have
gained a more general application beyond heat transfer
problems. For example, some of the main applications of
inverse heat transfers include cooling control of electrical
equipment, estimation of cooling jet velocity in machining
and quench hardening process, determination of boundary
conditions between mold and the molten metal in casting
velocity in machining and quench hardening process,
determination of boundary conditions between mold and
the molten metal in casting and rolling processes [3], heat
flux determination on a wall surface exposed to fire or
inside the surface of a combustion chamber [4] as well as
the surfaces where ablation or melting occurs [5]. Other
uses of inverse heat transfer include prediction of the internal
wall of reactors, determining thermal conduction coefficient
and the external surface conditions in the re-entry of a space
vehicle, temperature or heat flux distribution modeling
at the tool-work interface of machine cutting [6], and cooling
control problems [7]. Different solution methods are applied
to inverse heat transfer problems, some of which include
exact solutions, inverse transform of Duhamel integral,
Laplace transformation, control volume method,
Helmholtz equations, finite difference, finite element
approximation, digital filter synthesis, Tikhonov
regularization, Elifanov iteration method, conjugate
gradient, and Levenberg—Marquardt methods [8]. Levenberg—
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Marquardt method is an iterative inverse algorithm based
on minimizing the least-square summation of the error
values and is employed in this paper.

Jiang et al. [9] obtained the time-dependent boundary
heat flux on a solid bar using the conjugate gradient
method with an adjoint equation and zeroth-order
Tikhonov regularization approach to make the inverse
solution stable. In their work, a finite difference method
was used to solve the problem.

Chen et al. [10] derived the temperature and heat flux
distribution of the quenching surface using the inverse
technique. They utilized the conjugate gradient method
for improved temperature and heat flux estimation
for a two-dimensional problem on cylindrical coordinates.
Finite element techniques were employed to solve the governing
equations.

Plotkowski and Krane [11] examined the use of inverse
heat conduction models to estimate the transient heat flux
in electro slag remelting. They studied three inverse
heat transfer methods for industrial applications.

Hsu et al. [12]applied the inverse problem on wall heat
flux estimation to film-wise condensation on a vertical
surface. Their inverse method does not require prior
knowledge of the functional form of unknown variables.

Khaniki and Karimian [13] used temperature data
to get the heat flux absorbed on a satellite surface. They
proposed a simple heat flux sensor to examine the related
probable limitations. Using the temperature data, they also
proposed an inverse solution to the energy equation which
yields the heat flux absorbed on the satellite surface.

Beck et al. [14] conducted some research into the
estimation of heat flux entering the surface of a body using
the inverse approach. Their calculation method used
the measured temperature data of the internal points.

Liu [15]developed a hybrid mechanism to
simultaneously identify the thermal conductivity and heat
capacity in an inverse heat flux problem. This mechanism
was a combination of the genetic and Levenberg—
Marquardt algorithms. Mohammadiun et al. [16] estimated
the time-dependent heat flux using temperature at a
specific point. Their method included the use of the finite
difference method to solve the governing equations.

Tai et al. [17] applied an inverse conduction heat
transfer method to estimate the spatial and temporal
variation of heat flux on the drilled-hole wall surfaces.
Their approach utilized the internal temperature of the body
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measured by thermocouples and the governing equations
were solved by the finite element method.

Rahimi et al. [18] estimated the time-dependent strength
of a heat source using temperature distribution at a point
in a three-layer system.

Mohammadiun et al. [19] used the sequential function
specification method for heat flux prediction on the
sublimation boundaries of decomposing materials. They
used the inverse method to predict thermal boundary
conditions on the surface.

In another study, Mohammadiun et al. [20] applied
a sequential function specification method to ablative surfaces.
The inverse method has been used in the mentioned study
to estimate heat flux at the moving interface.

Wu et al. [21] proposed an inverse algorithm based
on the conjugate gradient method to solve the hyperbolic
heat conduction problem and estimate the unknown
heat flux on an infinite cylinder. The measured internal
temperatures were used for this purpose.

Recently, new inverse heat transfer methods applied to
microelectronics are combined with a non-linear approach
to calculate the sensitivity coefficients concerning the heat
flux. A correction for convective heat transfer, which only
depends on the gas-to-wall temperature difference,
has been presented by Cuadrado et al. [22]. Their
methodology was validated using numerical and
experimental tests, considering only conduction and also
fully conjugate heat transfer analysis.

Duda [23] proposed a method for simplification of
three-dimensional transient heat conduction by reduction
to an axisymmetric problem with a new inverse method
solution. In this research the 3-D problem has been simplified
to an axisymmetric analysis and a method has been
presented for solving the axisymmetric IHCP in a complex
domain based on the control volume finite element method.

A technique of resolving the nonlinear three-
dimensional IHCP with complex geometry to determine
an unknown time-dependent surface heat flux of the system
in the online mode is proposed by Huang et al. [24]. They
developed an adaptive sequential Tikhonov regularization
method to obtain the heat flux component sequentially and
a fast and accurate method, based on an Artificial Neural
Network (ANN), was used for the direct solution.

The developed algorithm for solving the inverse
problems for models based on fractional derivatives
has been presented by Brociek et al. [25]. They showed
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that this algorithm can reconstruct boundary conditions
and some other model parameters (e.g. physical
parameters of the material), and the number of restored
parameters can be arbitrary.

Perakis et al. [26] applied an inverse method for
estimating the spatially resolved heat flux distribution
at the hot gas wall of multi-element, actively cooled
engines using the information provided by temperature
measurements in the material. In their study, the inverse
heat transfer method implemented in Rog_FITT is intended
for the analysis of temperature and heat flux distribution.

Numerical solution of hydrodynamics and heat transfer
of the laminar incompressible flow around a single
diamond-shaped cylinder at moderate Reynolds number
(1<Re<70) and a Prandtl number of Pr=0.7 on a large
range of apex angle (33<a <120°) has been studied by
Sochinskii et al. [27]. They used the finite volume method
in 2D with OpenFoam to solve the conservation equations.

A solution to Navier-Stokes equations generally
involves high mathematical complexity. This is due to the
nonlinearity of these equations such that the superposition
theory, used for potential flow, is not applicable. However,
in some cases, the exact solution to Navier-Stokes
can be obtained when the nonlinear advection terms
are naturally eliminated. The exact solution to the stagnation
flow problem was initially achieved by Hiemenz [28].
He examined two-dimensional stagnation flow against
a flat plate and assumed the stagnation flow on the flat
plate to be laminar, incompressible, and steady. Using
a suitable variable and converting velocity components
to a similarity function, Hiemenz reached an ordinary
differential equation and derived the velocity field and
pressure field in the vicinity of the flat plate.

Following Hiemenz, Homann [29] achieved an exact
solution to the three-dimensional Navier-Stokes equations
for axisymmetric stagnation flow against a flat plate. Using
an appropriate change of variables and transforming
velocity components into a similarity function, Homann
reached an ordinary differential equation for the similarity
function with a relevant power series solution. Howarth [30]
and Davey [31] reported their research on the three-
dimensional stagnation flow against a flat plate for
nonaxisymmetric cases. The first exact solution to
axisymmetric stagnation flow on an infinite cylinder
was reported by Wang [32]. He assumed a stationary cylinder
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with no rotational or axial movement and no suction and
blowing on the cylinder wall. A radial axisymmetric flow
perpendicular to the axis was assumed. Also, due to the
symmetry of the free stream concerning the cylinder axis
and considering a steady flow, all derivatives with respect to
@ (angular direction) and t (time) are zero and the Navier-
Stokes equations are simplified in cylindrical coordinates.
In a series of studies [33-36], Gorla analyzed the
axisymmetric stagnation flow around a cylinder with
laminar flow in steady and transient states. In these works,
the effect of uniform axial movement as well as the harmonic
axial movement of the cylinder was studied. Cunninget al. [37]
researched the effect of cylinder rotation with constant
angular velocity on the stagnation flow over the cylinder.
In this research, the effect of uniform suction and blowing
on the cylinder wall was also considered. Due to cylinder
rotation, the flow is entirely three-dimensional with the
velocity also existing ing direction. Takhar et al. [38]
evaluated the effect of unsteady axisymmetric radial
stagnation flow on the cylinder together with the effect of
variable-speed axial cylinder movement. In their research,
to reach a self-similar solution, the time-dependent
functions related to the free stream and axial velocity of
the cylinder are assumed in the form of inverse linear
functions of time.

Saleh and Rahimi [39-41] reached exact solutions
for axisymmetric stagnation flows on an infinite cylinder
and the related heat transfer for cases where the cylinder
has time-dependent axial and rotational movement.
Further, Shokrgozarabbasi and Rahimi [42-45] proposed
an exact solution to the three-dimensional stagnation flow
and the transient heat transfer of viscous flow impinging
on a flat plate. Also, in a series of studies [46-49],
Mohammadiun et al. proposed self-similar solutions of
radial stagnation point flow and heat transfer of a viscous,
compressible fluid impinging on a cylinder in a steady state.
They further studied the axisymmetric stagnation flow of
a nanofluid on a cylinder for a steady flow when the
cylinder wall is exposed to both constant heat flux and
constant temperature [50,51]. Zahmatkesh et al. [52]
evaluated the rate of entropy generation in an axisymmetric
stagnation flow of Aluminum oxide nanofluid on a stationary
cylinder. The effect of uniform suction and blowing as
well as the volume fraction of the nanoparticles on the rate
of entropy generation is also studied in the mentioned
work.
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Combined heat and mass transfer and thermodynamic
irreversibilities in the stagnation point flow of Casson
rheological fluid over a cylinder with catalytic reactions
and inside a porous medium under local thermal
non-equilibrium has been investigated by Alizadeh et al.[53].

Some valuable studies on direct solution problems
can be found in the following references.

Heat and mass transfer effects in three-dimensional
mixed convection flow of Eyring Powell over an
exponentially stretching surface with convective boundary
conditions have been investigated by Bilal et al. [54]
In this research, the leading boundary layer partial
differential equations have been reduced to the ordinary
differential equations and numerically solved by using
the Finite Element Method.

Recently Nematollahzadeh et al. have presented
an exact analytical solution for the convective heat transfer
equation from a semi-spherical fin. They compared exact
solutions with numerical results such as the finite
difference method and midpoint method with Richardson
extrapolation[55].

A code based on the finite element method has been
developed by Madelatparvar et al.[56] to predict the final
scaffold structure made by the freeze-drying method.
They studied the effect of material and processing
parameters on the microstructure of the resulted scaffold.

A Computational Fluid Dynamics (CFD) analysis
was performed for granular flow in an industrial screw feeder
to study the choking phenomena by Hussain et al.[57].
Variation of mass flow through a change in Revolution per
Minute (RPM) and moisture content was studied in this work.

A direct solution of the momentum and energy
equations based on the similarity solution technique
has been presented to solve the problem of the stagnation
point flow of nanofluid on a cylinder with uniform
transpiration by Zahmatkesh et al. [62]. A new inverse heat
transfer method applied to microelectronics combines with
a non-linear approach to calculate the sensitivity
coefficients with respect to the heat flux and a correction
for convective heat transfer, which only depends on the
gas-to-wall temperature difference has been presented
by Cuadrado et al. [63]. Their methodology was validated
using numerical and experimental tests, considering only
conduction and also fully conjugate heat transfer analysis.

Numerical simulation has been applied to investigate
the pulsatile flow and heat transfer of a micropolar fluid
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Fig. 1: The problem geometry and sensor position.

in a Darcy-Forchhmeir porous channel with transpiration
at the wall by Ashraf et al. [64]. A mathematical model for
the prediction of internal recirculation of complex impinging
stream reactors has been presented by Safaei et al. [65].

Habibi et al. [66] investigated the viscosity uncertainty
in the floating-axis fluid flow and heat transfer along
a horizontal hot circle cylinder immersed in a cold Al.O3
water nanofluid.

As can be seen, inverse heat transfer in the vicinity of
the stagnation region of an annular jet has not been
considered in the literature yet. All articles on stagnation
point flow only deal with the direct problem with known
boundary conditions. However, in many real cases;
accurate information about wall heat flux is not available
therefore in this paper, for the first time, a numerical code
based on Levenberg—Marquardt method is proposed
to solve the inverse time-dependent boundary heat flux
in the stagnation region of an annular jet on a cylinder.
The algorithm uses the temperature distribution at
appointing with a semi-similar solution. At every time step,
the governing equations are converted to a system of coupled
ordinary differential equations which, through discretization
using the implicit finite difference method, are solved by
the Tri-Diagonal Matrix Algorithm (TDMA). Sensitivity
to noisy data is also evaluated. The results demonstrate
considerable stability of the proposed method to noisy data.

PROBLEM FORMULATION
Direct solution

The geometry of the considered problem is depicted
in Fig. 1. As shown, the flow is axisymmetric in cylindrical
coordinates (r,z) with corresponding velocity components
(u, w). Time-dependent heat flux is applied on the outer
surface of the cylinder. We intend to determine the unknown
heat flux gu(t) withinO < t <t; based on temperature
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distribution at a point. The input data may contain noise.
The semi-similar solution method is employed in the
numerical code to calculate temperature distribution. In this
method, using dimensionless radius and transfer functions,
partial differential equations are converted to ordinary
differential equations which are then solved numerically.

The following items are some of the stagnation flow
applications over a cylinder: the analysis of centrifugal
machinery movement, heating, and cooling procedures,
bearing lubrication, and cooling of drilling tools.

Governing equations

As shown in Fig. 1, the flow is considered in cylindrical
coordinates (r, z) with corresponding velocity components
(u, w). The flow is assumed incompressible and in a transient
state. Considering axial symmetry, the governing equations
in cylindrical coordinates will be as follows:

Continuity equation
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In the above equations,p and(v = u / p)are the fluid
density and its kinematic viscosity, respectively.
Energy equation;

—o’T 10T o7

—t -+ —) @)
0z or ror 9oz

oT oT oT

Where o =

is the fluid thermal diffusivity
pCp
coefficient.

Boundary conditions for the momentum equations

consist of the following:

r=a : u=0,w=0 (5)

(o))
<

rs>w : —=-k, w=2kz (6)
Equation (5) is the no-slip boundary condition of viscous
fluid at the wall. Equation (6) is obtained from the inviscid
solution of potential flow. The first term in (6) implies that
the gradient of velocity u in distant regions is similar to that
in potential flow. The second term in (6 )reflects the fact that
in points sufficiently far from the cylinder wall, the viscous
fluid velocity w is the same as that for potential flow.
Boundary conditions to solve the energy equation are:
oT q, (1)

r=a: —=-—— 7
or k ()

r>owo: T=T

0

In the above equations, k is the fluid’s thermal
conductivity and guw(t) is the time-dependent heat flux on
the cylinder wall. Also, T« is the constant temperature of
the free stream.

The variables in the governing equations can be
reduced. Using the inviscid solution patterns of (6) and
multiplying by appropriate transfer functions, the below
equations are proposed to reduce Navier-Stokes equations
to dimensionless semi-similar equations:

0y

Wherer = 2k[tand 5 = (r/a)%are dimensionless time
and dimensionless radius, respectively and ()' denotes the
derivative concerning variable . Equations (8)
automatically satisfy the continuity equation and by

u=-—k—=Ff(n,1), w=2kf'(n,1)z ,P=pkZa’p  (8)
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substituting them into momentum equations in z and r
directions, for every time step,an ordinary differential
equation is obtained, as below, to calculate f:

[ o
nf"’+f”+Re{lf(f’)erff”f—J:O 9)
ot

Where Re = k(Ja? / 2 vis the Reynolds number. Using
(5) and (6), the boundary conditions for (9) are obtained as:

n=1: f=0, f'=0 (10)

To convert the energy equation, the dimensionless
temperature &7, 7)is used as:
T(Mmo)-T,

o(n,1)=—= 11
(o) aq, (1)/2k (1)

Using (8) and (11), the energy equation will be:

o0 d d
ne"+6’+RePr(f6’———M6)=0 (12)

o1 q, (1)
Boundary and initial conditions for (12) are:

0'Q,1)=—1, B(0,t)=0 (13)

G(T‘[,O) = esleady—slale

As shown in Fig. 1, the axisymmetric flow is injected into
the cylinder in all directions. The Prandtl number is Pr=0.7
and the free stream temperature is 7 =3 'c with the

sensor positioned as shown in the figure.

Validation of direct solution

An analytical solution for the steady-state problem of
annular axisymmetric stagnation flow toward the moving
cylinder for low and high Reynolds numbers has been extracted
by Wang et al. [61]. The results of their analytical solution
have been applied to the validation of the numerical
procedure employed in this paper. As can be seen in Fig.2,
the radiuses of inner and outer cylinders are R and bR,
respectively and the inner cylinder (shaft) has been
enclosed by the outer cylinder (bushing).

Asymptotic solution for small Reynolds numbers

When W=0 and £2=0, the following expansion in terms
of small Reynolds number (Re<<1) has been applied
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Fig. 2: Three-dimensional view of annular axisymmetric
stagnation flow.

To calculate dimensionless function f in terms of the radial
velocity component.

f=f +Ref +. . (14)

Analytical solution of zeroth-order and first-order
equations [61] leads to the following relations for f; and fo:

f, = (15)

Jbi=2(b-1)ninn+inbm’+2(b-1-Inb)n—(2b—2—1Inb)]
(b-1)[2(b-1)- (b +1)Inb]

2
f1:C2+C3n+CAn + (16)

[288(-1+b) by’ +72C (~1+b)'n-
108(-=1+b)bInbn?+5(-1-b)binbm’®-

72C (-1+b)*(+b)Inbn -

6bin’bn’+bin®bn®+18C (-1+b°)Inbm -
72(-1+b)*n(8bn+C, -2bC, +b’C )Inn-
6(~1+b)Inbm(~12bn+bn’ -
12C,+12bC, +12b°C ~12b°C,)Inn—
18C,(-1+b”)In“binn+

36(-1+b)b(-n+n?)Inn+
18(-=1+b)bInbmin®n]/[18(-=1+b)*(2-2b+(@L+b)Inb)?]

Thus the boundary derivative f*(1) is fined analytically
as below:

) - 2blInb=(b+1)]

= 17)
(b-1)[2(b-1)= (b +1)Inb]

Ref’(1)+O(Re")
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A comparison between the analytical and numerical
results of f'(1) for Re=0.1 and different values of b
has been presented in Table 1.

Analytical solution of the steady energy equation
when the temperature at the wall is constant leads
to the following dimension-less function & (7):

b b
1 f(t
j—exp(RePr.det)dx
t
x

o(n) =1 >
J'iexp(RePr.'[ﬂdt)dx
t

1 x

(18)

By calculating the dimensionless temperature gradient
and heat flux at the wall, the Nusselt number is expressed
as follows:

2Rq”
Nu=——"""—=-408'(1) (19)
k(T,-T,)

Analytical and numerical results of the Nusselt number
for Re=0.1 and different values of the Prandtl number
are reported in Table 2.

Inverse problem

All inverse solutions for minimizing an objective
function are based on an optimization method. One such
method is the Levenberg—Marquardt algorithm which
is an iterative method for solving nonlinear least-squares
problems of parameter estimation.

This algorithm is recommended for solving nonlinear
parameter estimation problems. Also, it is used for ill-
posed linear problems [58]. Therefore, it is used in this
paper for the estimation of the unknown parameters of
time-dependent wall heat flux.

The main steps of the Levenberg—Marquardt inverse
method are the sensitivity analysis, iteration process,
convergence criterion, and calculation algorithms as
discussed below.

The inverse problem is the estimation of time-
dependent wall heat flux using the transient temperature
values measured by a sensor. Thus, aqw(z) / 2k,(in which a
is the cylinder radius and k is the fluid thermal conductivity
with known values), is unknown and time-dependent
whereas the transient temperaturey (-) is the measured

transient temperature in the sensor position within the time
interval of 0 < 7< 5.
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Table 1: Comparison of numerical and analytical results of '*(1).

4 (1) I
; Analytical results Numerical Results
11 650.352 650.475
2 11.001 11.012
\_ 10 0.6674 0.6687 Y,
Table 2: Analytical and numerical results of Nusselt number for Re=0.1.
4 b )
Pr 11 2
Analytical result Numerical result Analytical result Numerical result
0.7 42.40 42.57 6.27 6.32
7 46.26 46.48 10.08 10.29
70 78.88 79.23 22.36 22.47
K 700 181.82 182.16 48.52 48.74 /

The measured temperatures in the sensor position
at timess, i= 1,2,..lare used to estimateaquw(z)/2k.
To solve this inverse problem, we consider the unknown
heat flux function a qu(z)/2k to be parameterized in the
following general linear form:

N
aqw(r)/2k=ZPjCj(r) (20)

j=1

Where Pj are the unknown parameters andCj(z)are
known trial functions, e.g. polynomials, spline, etc. with N
parameters. For this inverse heat transfer problem, parameters
P should be estimated. For this purpose, the differences
between measured and calculated temperatures are formed
as an objective function to be minimized.

Several methods exist to develop an objective function,
one of which is the least-square method as defined
below [59]:

|
sp:lzl[\(i—Ti(P)]2 (21)

WhereSyis the sum of the squares error and hence the
objective function. To solve this inverse heat transfer problem
and estimate N unknown parameters Pj, j= 1,2,.., N,
the objective function S, should be minimized. Eq. (15),
P" =[P, P,,.P]is the vector of unknown parameters.

Also, Ti(P) = T(P,m) and Y; = Y(t)are the estimated and

978

measured temperatures at the time 3, respectively. The estimated
temperature T; (P) is obtained from the solution of the direct
problem (9, 12) at the measurement (sensor) point using the
unknown parameters Pj, j= 1,2,..., N.

Sensitivity analysis

Before solving the inverse problem, it is useful
to analyze it and the estimated parameter’s sensitivities
to unknown parameters. This analysis can yield a metric
for the best position of the temperature sensor and
a criterion for the stability of the inverse solution. The
sensitivity coefficients representing the estimated temperature
sensitivity to small parameter variations are defined as (22).

Jo= (22)

Po+eP . P =T (PP, P Py)

eP.
i

Wheree = 1075,
The coefficients of (22) comprise the elements of the
sensitivity matrix J.

[oT, oT, T, 1
| |
oP, 0P oP
|( 1 2 N |
() . |2T. T, aT, | (23)
T
TP =] —Iapl oP, aPNI
I@TI aT, aT, I
| op, 0P, oP, |
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WhereN and | are the total numbers of unknown
parameters and the total number of measurements, respectively.

With small sensitivity coefficients, the inverse problem
is so-called an ill-posed problem meaning that the inverse
problem is sensitive to measurement errors and an accurate
estimation of the parameters cannot be achieved. Thus,
coefficients with high absolute values, leading to stable
inverse analysis, are more desirable.

The iterative procedure

The sensitivity matrix is a nonlinear function of the
vector of unknown parameters. Therefore, an iterative
procedure is used to linearize the vector of estimated values.
This process is carried out through Tailor series expansion
around the current value Pkat iteration k, as [60]:

Pr =P [(0)Ta" +uk9k}il(Jk)T [Y-T®N] (24)

Where X is a positive scalar value named damping
parameter and QX is a diagonal matrix.,<¢ is the damping
parameter matrix used to dampen the oscillations and
instabilities resulting in the ill-conditioned character of the
inverse problem. A large value is assumed for this
parameter at the beginning of the iteration process because
the problem is generally ill-posed around the initial guess
chosen for the iteration process. This parameter can be far
from the actual parameters. As a result, at the beginning of
the iteration, the Levenberg—Marquardt method tends
toward the steepest descent method in which a very small
step is taken in the negative gradient direction. Then,
as the iteration continues the value of /X is reduced making
the Levenberg—Marquardt method perform similarly
to the Newton-Gauss method.

Convergence criterion

To the convergence of Equation (24), a convergence criterion
is needed to stop the iteration procedure of the Levenberg-
Marquardt method. This criterion prevents the expansion
of the measured errors and together with the iteration
algorithm as a regularization technique, changes the
inverse problem into a well-conditioned problem.
The following convergence criterion is used in this study:

k+1

s(P (25)

‘1
Whereg is the selected tolerance for stopping the
minimization process, as chosen by the user based on
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the distortion amount of the measured data. This criterion
examines whether the objective function using the
obtained solution is adequately minimized.

Computational algorithm

Assuming an initial guess of P° for the unknown
parameter vector P and k=0 and = 0.05, Levenberg—
Marquardt algorithm is summarized in the following steps:

1. Solve the direct problem using the initial guess
for P, i.e. the initial guess for wall temperature, to obtain
the temperature vector T(P) = (T, ..., Th).

2. Calculate S(P¥)using Equation (21).

3. Calculate the sensitivity matrix J¢ defined by
equation (23) and diagonal matrix £ using the current P¥
values. To calculate the diagonal matrix 2%, use the following
relation.

o =diag[(3*)" 14 (26)

4. Solve the following linear system of algebraic
equations, obtained from the iteration of (24).

[(Jk)TJk+kak]APk=(Jk)T[Y—T(Pk)} (27)

5. Calculate the new estimation P “** as:
P op APk (28)

6. Solve the direct problem using the new estimate
P“land get the wvector T(P*!) and then
calculateS(P**)using equation (21).

7. IfS(P**1)>S(P¥), then substitutes* with 104¢ and
return to step 4.

8. IfS(P*H<S(PY), accept the new estimate P**! and
substitute X with 0.1

9. Check the stopping criterion (25). Stop the iterative
procedure if it is satisfied. Else, substitute k with k+1 and
return to step 3.

RESULTS AND DISCUSSION

Estimation of the unknown wall heat flux in stagnation
point flow on the cylinder, using the Levenberg-Marquardt
method with no information about unknown functions
is the main aim of this research.

The implicit Finite Difference method is used to discretize
the governing equations. The time variable is assumed
dimensionless and the time step is considered At = 0.01.
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In this study, using the measured temperature at a point, noisy data, the relation &y = 0% is considered where the
the boundary heat flux is estimated and the noise data final dimensionless time parameter is ;. To evaluate
sensitivity is evaluated. Noisy data are generated the accuracy of the proposed algorithm, exponential,
using (29). The stability of the proposed approach against sinus—cosine, triangular and trapezoidal functions are examined
different noise levels is analyzed withc = 0.01 Tmax and for (aqu(t) / 2k).
o = 0.03 Trmax. Detailed descriptions for the time-dependent wall heat
flux are shown as follows:
Y(‘ci):Yex (‘ri)+mc (29)
aq,, (1) . .
In the above equation, ais the standard deviation of the L. o00e —95.5e (30)
measurement errors, and @is a random variable with
normal distribution, zero mean and unitary standard aq,, (t) )
o =10+500sin(t)+200cos(31) (31)
deviation. For the present study,-2.576<©<2.576. Also, for 2k
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Fig. 3: Calculated heat flux with Re=100 vs. the exact heat flux
in the form of an exponential function.

54.5

Exact
— — — — Present result

54

53.5

53

T 1)

51 1 1 1 1 1 1 1 1
01 02 03 04 05 06 07 08 09

T

Fig. 4: Temperature history at the pointz = 1.05 with Re=100
for calculated heat flux vs. exact heat flux in the form of
an exponential function.

aq, (t) [200+300¢ for 0<1<0.6 32)
—:<
2k L497—2001 for t>0.6
(150 for 0<1<0.2
|50+5001 for 0.2<1<0.4
aq, (t
=1250 for 0.4<t<0.6 (33)
2k
ISSO—SOOT for 0.6 <1<0.8
|150 for 1>0.8

Also, temperature history at points 7, is presented
for the above values as well as the estimated values.

Figures 3 through 10 show the above functions
as well as those calculated using the inverse method in
selected values of Reynolds number and then the inverse
solution with the noisy data is presented. As expected,
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Fig. 5: Calculated heat flux with Re=100 vs. the exact heat flux
in the form of a sinus—cosine function.
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Fig. 6: Temperature history at the pointzz= 1.025 with Re=100
for calculated heat flux vs. exact heat flux in the form of
a sinus—cosines function.

in cases estimated by triangular and trapezoidal functions,
sharp corner points on the curves make the estimation
more difficult and increase the RMS error.

The Root Mean Square (RMS) error, as a suitable
measure for evaluating the accuracy of the Levenberg—
Marquardt parameter estimation, is defined as follows:

2

aqw (Ti)ex]
Y

(34)

Wher(anW(ti)est/Zk is the estimated function
at the time z‘.,aqw(ri)ex/Zk is the exact function

atthe time, jand | is the number of measurements. The RMS
error is a measure to represent the difference between
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Fig. 7: Calculated heat flux with Re=200 vs. the exact heat flux
in the form of a triangular function.
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Fig. 8: Temperature history at the pointzn = 1.025with Re=200
for calculated heat flux vs. exact heat flux in the form of
triangular function.

The estimated and actual function values. It is observed
through the obtained results that the RMS error is the
highest for trapezoidal function due to sharp corner
points in the function curve. As witnessed in the following
curves and table as well as the calculated errors, the proposed
approach demonstrates acceptable accuracy.

The effect of noisy data on the time-dependent heat
flux estimation is shown in Figs. 11-18.

The deviation of the estimated heat flux from the
real wall heat flux increased when the standard
deviation of measurement errors increased from
6=0.01Tmax t0 6=0.03T max and as can be seen noisy data
leads to more deviation of the obtained results compared
to the exact data because according to the Equation (29),
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Fig. 9: Calculated heat flux with Re=500 vs. the exact heat flux
in the form of a trapezoidalfunction.
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Fig. 10: Temperature history at the pointz: = 1.03 with Re=500
for calculated heat flux vs. exact heat flux in the form of
trapezoidal function.

noise in measured data by the sensor leads to error
in Eg. (21). Also, the RMS errors related to these results
are given in Table 3.

As can be seen in the tables, the error values for
estimating triangular and trapezoidal functions are
higher than exponential and Sinus-cosines functions
because high gradient changes are not completely
recovered by the estimation function and some
oscillations are observed near the singular points. We note
that functions containing discontinuities and sharp
comers (i.e., discontinuities on their first derivatives)
are the most difficult to be recovered by inverse
analysis. Generally, the results depend on the physical
characteristics of the problem, the number of
parameters to be estimated, the initial guess, etc.
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Fig. 11: Calculated heat flux with Re=100 with noisy data
(60 = 0.01 Tmax) Vs. the exact heat flux in the form of an
exponential function.

Fig. 14: Calculated Heat flux with Re=100 with noisy data
(o= 0.03 Tmax) vs. the exact heat flux in the form of a sinus—
cosine function.
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Fig. 12: Calculated Heat flux with Re=100 with noisy data
(o = 0.03 Tmax) vs. the exact heat flux in the form of an

Fig. 15: Calculated heat flux with Re=200 with noisy data
(0=0.01 Tmax) vs. the exact heat flux in the form of a triangular

exponential function. function.
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Fig. 13: Calculated heat flux with Re=100 with noisy data
(o= 0.01 Tmax) vs. the exact heat flux in the form of a sinus—
cosine function.

Fig. 16: Calculated Heat flux with Re=200 with noisy data
(0=10.03 Tmax) vs. the exact heat flux in the form of a triangular
function.
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Table3:Calculated RMS error for different approximation functions of heat flux with noisy data.

/ €rms \
Function
c=0 6=0.01Tmax 6=0.03Tmax
Exponential 0.0092 0.107 0.203
Sinus—cosine 0.094 0.121 0.291
Triangular 0.365 0.397 0.481
K Trapezoidal 0.388 0.412 0.489 /
360 E_ Exact —— 360 :— Exact —— —
F — — — — Present result - R~ F — — — — Presentresult - \\
340 7 NS 340 A7 >
E ’ N E 5 \\
320 F Y X 320 - y
i~ E / N X 300 // D\
g oof , S o / )
E  mf / E mof S
c? E % Ug F /
& 260 Y © 260 | /
E 4 F Vi
240 40 4
20 F 20 /
z 1 1 1 iz 1 1 1
0.25 0.5 0.75 1 0.25 0.5 0.75 1

T

Fig. 17: Calculated heat flux with Re=500 with noisy data
(o = 0.01 Tmax) vs. the exact heat flux in the form of a
trapezoidal function.

CONCLUSIONS

In this paper, a semi-similar solution to axisymmetric
inverse problems based on the measured temperature
distribution at a point in the stagnation region is presented
for the estimation of time-dependent heat flux. To estimate
the unknown boundary condition, the ninth-order polynomials
function with coefficients obtained by Levenberg—Marquardt
parameter estimation algorithm has been used. The RMS error
was calculated for different examples. The major results of this
paper can be summarized as follows:

*By comparing the sensitivity coefficients at Re = 100,
it results that the maximum and minimum values of the
sensitivity coefficients are 0.1619 and 5.62x10°,
respectively which is related to exponential and triangular
heat flux therefore, the exponential heat flux shows the lowest
sensitivity to the Pj parameters, and the triangular heat flux
has the highest sensitivity to these parameters.

e The maximum RMS error values for c = 0, o =
0.01Tmax and o = 0.03Tmax are 0.388, 0.412 and 0.489,
respectively, which were obtained to estimate the
trapezoidal heat flux. These results show that if there are
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Fig. 18: Calculated Heat flux with Re=500 with noisy data
(o = 0.03 Tmax) vs. the exact heat flux in the form of a
trapezoidal function.

non-derivative points in the unknown function, the
accuracy of the parameter estimation method decreases.

eThe RMS error increases with increasing the number
of non-derivative points in the heat flux functions.

e Based on the studied cases and by comparing
the obtained heat flux with the exact values and the fact
that no prior data is required regarding the structure of the
unknown function, and considering the acceptable stability
against noisy data, it is concluded that this approach is
an effective method for estimating the time-dependent heat
flux.

Nomenclature
a Cylinder radius, m
C Known trial functions used in
Levenberg-Marquardt method
ErMS Root mean square error
f Dimensionless function defining velocity field
Number of measurements
Sensitivity matrix
Thermal conductivity, W/(m.K)

oo =
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Free stream strain rate, 1/s
Number of unknown parameters
Fluid pressure, N/m?
Dimensionless pressure
Vector of unknown parameters
at current iteration
Cylindrical coordinates, m
Reynolds number
Temperature, °C
Radial component of the velocity field, m/s
Axial component of the velocity field, m/s
Time,s
Free stream temperature, °C
(® Time-Dependent wall heat flux, W/m?
Measured transient temperature
in the sensor position,°C
Dimensionless radius
Dimensionless temperature
Dimensionless time
Dynamic viscosity,(N.s)/m?
Damping parameter
Kinematic viscosity, m?/s
Fluid density,kg/m?
Fluid thermal diffusivity coefficient, m?/s
Standard deviation of measurement errors
Normal distribution
Diagonal matrix
Tolerance for stopping the minimization process
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