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ABSTRACT: In this paper, the effect of the feed size distribution was studied for a ball mill. Copper 

ore of 0.5% was tested using batch-grinding tests. Samples were carried out using three reconstructed 

feed size distributions in an experimental ball mill. The size distribution was reconstructed using  

the double Weibull formula, and modeled using the selection and breakage functions. Copper ore samples 

were grinding up to 15 min. A nanosize (19+12.5), coarse (19+6.3 mm), medium (4.75+0.6 mm), 

and fine (+0.4250.038 mm) particle size distributions were tested. The 0.32 m diameter test mill  

was run at 38% volume loading and Nc (critical speed) of 68% (50.85 rpm). Breakage rate parameters 

were calculated and simulated for each size distribution in an industrial mill. The results show  

that the change in the feed size distribution has an impact on the grinding kinetics. The curves show 

that the mono size fraction has the highest specific rate of breakage. It is also important to note that, 

as the size distribution F80 decreases the power consumption increases. 
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INTRODUCTION 

Grinding is an energy-intensive operation in which 

energy losses occur in heat and noise. This energy is not utilized 

in the grinding process. The quantification of the applied 

specific impact energy and particles' internal fracture energy 

(utilized) have been studied in fundamental research [1-3]. 

Since the size reduction in tumbling mills is not an energy-

efficient operation and quite a few studies have been carried 

out to make grinding more efficient so far.  

 

 

 

In mineral processing, tumbling mills have been used 

for more than a century. Nowadays, the modeling  

for scale-up of a ball mill uses wet grinding purposes. This is 

a relatively new and novel approach due is more 

significant and common than dry grinding [4]. However, 

there is still a need for understanding complete mechanisms 

in grinding to make it more efficient. Herbst et al. [5] 

developed kinetic approaches of breakage in the mills.  
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One example of these approaches is the Population 

Balance Model (PBM) [6-8] that uses the selection 

function, Si, (rate of breakage) and breakage distribution 

function. When the rate of breakage is normalized  

by energy (E), it is called a specific selection function,  

Si
E [7]. 

 
THEORETICAL SECTION 

The selection and breakage functions are the main 

components of the batch population balance (PBM) 

equation. Breakage function is determined by a series of 

grinding tests, whereas the selection function is usually 

back-calculated or directly estimated from energy studies. 

The breakage rate is the key parameter for PBM approach. 

So far, several different approaches for the estimation of 

selection functions have been proposed. Such as those 

based on the probability of capture and nipping [9], 

based on impact energy spectra [1-3, 10], and based on the 

probability of breakages [11-13]. However, in this study, 

the main calculations were made based  

on Austin and Herbst-Fuerstenau’s [7] selection function 

approaches. In the analysis of the materials breakage,  

it may be useful to make an initial assumption that the 

breakage of each size fraction is the first order in nature [14]. 

The selection function can be defined as the rate that  

the particle breaks into smaller sizes. The breakage 

function is the distribution of particles after the breakage 

occurs. 

The fundamental logic behind the PBM may be 

explained specifically formulated as a numeric balance. 

The size discretized batch PBM is expressed as follows: 
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Where 𝑏𝑖𝑗  is the fraction of broken mass of size class 𝑗 

appearing in size class 𝑖, and S𝑖 is the fractional rate of 

breakage of size class 𝑖. Equation 1 was analytically solved [15]. 

The system of solution for the size classes can be written 

as follows: 
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where dij(t) is represented by: 
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and cij is: 
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Several authors [5, 7, 16] have applied the selection 

function for scaling up through the specific selection 

function. The specific selection function is proportional  

to the mass-specific power input to the mill: 

E
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Where 𝑀 is the mass of the charge in the mill excluding 

the media and 𝑃 is the basic mill power drawn equation [17] 

is given by: 
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Where N is the mill speed in rpm, 𝜏 is the torque exerted 

by the mill minus friction on the bearings. The breakage 

function (bij) could be calculated using Equation (5),  

using the next equation [15]: 
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The Bi,j function describes the size distribution  

of the fine fraction in the population of progeny particles. xi is  

the top value of the size interval is indexed by i.  

Parameters  ∅, 𝛼2 and 𝛼3 are the model parameters  

to be adjusted from the experimental data. Bi is the cumulative 

form of the 𝑏𝑖𝑗  function, as shown in equation 12. 
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Table 1: Experimental feed distribution criterion. 

Test Type Screen Size (mm) 

1 Coarse feed SD 19, 12.5, 9.5, 6.3 

2 Medium feed SD 4.75, 3.35, 2.36, 1.7, 1.4, 0.85,0.6 

3 Fine feed SD 0.425, 0.3, 0.212, 0.15, 0.106, 0.075, 0.053, 0.045, 0.038 

 

Table 2: Weibull double parameters formula. 

Parameters Coarse SD Medium SD Fine SD 

β 0 0 0 

F80(µm) 13802.274 3273.46 379.325 

γ 0.622 0.985 0.831 

∅ 3.950 0.5406 1.321 

 

Bi,j represents the cumulative weight fraction of 

material broken from size j which appears in size interval 

i. The subscript 1 refers to the original material of size 1  

at time t = 0, the subscript i refers to a smaller size than  

the size j and the subscript j refer to the size from which 

material that appears in size i is broken. 
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where 𝛿 characterizes the degree of non-normalization. 

 

EXPERIMENTAL SECTION 

A 0.5% Cu ore sample (CuFeS2) was used in this study. 

A mono size fraction (19 mm + 12.5 mm) and three  

full-Size Distributions (SD) were prepared for each sample 

identified as Coarse, Medium, and Fine distribution. Screen 

analysis was performed using √2 screen series starting from 

19 mm down to 0.038 mm as shown in Table 1. 

The amount of dry mass used in each fraction  

was calculated using a variation of a Rosin Rammler 

double Weibull distribution as shown in Equation (15). 
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Where 𝑌𝑖 is the percent passing in a natural distribution, 

𝛽 refers a logical argument which denotes the type  

of distribution to be used; (if this argument is TRUE 

Weibull Cumulative Distribution Function is used if it is 

FALSE Weibull Probability Density Function is used), 𝐹80 

means the 80% passing in the feed (µm), 𝐹 is the mesh 

opening (µm), 𝛾 refers to the shape factor for the finest and 

∅1the shape factor for the coarse. The coarse distribution 

has a 𝐹80 value of 13.808 mm, the medium and fine 

distribution has 4.826 mm and 0.379 mm respectively.  

The F80 proposed was selected according to a similar full-size 

distribution of a tertiary crushing stream divided in three 

sections. Table 2 shows the parameter calculated values 

used to match the feed size distributions. 

The re-constructed feed size distributions were used as 

a reference to determine the experimental feed size 

distribution. The amount of ore (g) in each mesh  

was calculated to obtaining the size distribution which  

is presented in Fig. 1. 

 

Grinding tests  

The feed distributions in Fig. 1 were used to perform 

the grinding tests. Four grinding time intervals (0.5, 1, 2, 

and 15 min.) were used for each size distribution.  

The feed distribution was kept constant in each test and 

then loaded in the mill for batch grinding. After  

the grinding time, the mill content was discharged, and  

the particle size analysis was done on the product using 

screens at an interval of √2 and the material contained  

in each screen was weighed. The top screen size for  

the product was 19,500 µm and the down screen size was 

38 µm. After this, the material was recovered and used  

for the next grinding time.  
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Fig. 1: Experimental and calculated feed size distributions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2: Experimental setup. 

 

The ore density was 3.18 g/cm3 and the feed 

distribution re-constructed was used. The laboratory mill 

used for the batch grinding test for the chalcopyrite sample  

has an inside diameter of 0.32 m and a length of  

0.35 m (Fig. 2). 

The charge level was set at 38% for all tests at 68 solids 

percent. The mill motor has a digital control unit that was 

used to set the mill speed around 50.83 rpm (68% of Nc). 

The optimal ball size was obtained using equation 16 [18-19]: 
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𝐵𝑆 is the optimal Ball size, 𝐹80 represents 80% passing 

size in the fresh feed stream, 𝐷 is the inner diameter,  

𝜌𝑜𝑟𝑒 is the ore specific gravity. 𝑊𝑖𝐵 was calculated  

in eight cycles based on Bond´s experimental  

procedure [18-19]. 

The size distribution of balls inside the mill follows 

Gates-Gaudin-Schumann): 
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Where 𝐺(𝑥) is percent retained in “x” mesh, 𝑘100 

represents the 100% passing size in the lineal function and 

𝑚 is the slope in the line equation. The size distribution  

of balls is showed in Table 3.  

 

RESULTS AND DISCUSSION  

Fig. 3 shows the percent cumulative from 38+20 µm 

the plots obtained in this fraction for all sizes distributions. 

It is clearly seen that the breakage process follows  

first-order kinetics. The determination of R2 has values 

between 0.9992 from Mono size fraction to 0.9997 from 

Fine feed SD. As discussed before, the feed is not the mono 

size in all the samples studied in this paper but the first 

order law is in good agreement for smaller sizes used 

(1180+850 to 38+20 µm). However, for large sizes  

in Mono size fraction, Coarse SD and Medium SD 

(12500+9500 to 2360+1700 µm) and Fine SD (600+425) 

the first-order law does not apply satisfactorily.  

An example of the deviation from first-order kinetics 

is presented in Fig. 4. Fig. 4 shows the fraction of  

-12500+9500 µm for the samples of Mono size fraction, 

Coarse SD and Medium SD. The same variation is present 

in the coarse part of Fine SD at the fractions 600+425 

mesh. This deviation can be explained by the fact that  

the coarse particles are difficult to be ground by the mill then 

the grinding rate decreases. The energy applied in the mill 

is just enough to take some coarse particles to the fracture 

point. This mechanism is known as cleavage [20]. Around 

this point, the breakage rate decreases with time in a non-

linear manner [21] and the progeny size is comparatively 

close to the original size. The fine particles may then cause 

the slowing down in the breakage, due to the low capacity 

of the lifters to move it around the mill. This causes 

agglomeration of fine particles in the mill base and  

bed particle appears. This limits the probability of ball-ore-ball 

impact and the ore fracture due to contracting. The impact 

is absorbed like a hydraulic shock absorber [22]. 

 

Rate of breakage 

The model parameters, α, μ and Λ were calculated 

combining Equation 7 and 8 by a non-linear regression 
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Table 3: Gates-Gaudin-Schumann model parameters and ball size distribution. 

Experimental characteristics 
Ball size (mm) 

m= 4.8 

Percent Distribution 

k100= 76.2 

𝑊𝑖 (kWh/t) 10.12 Ore CuFeS2   

Motor Power (Hp) 3 𝜌𝑜𝑟𝑒 (ton/m3) 3.18 76.2 48.7 

D (m) 0.32 𝐹80 (µ) 9´500 63.5 49.6 

Length (m) 0.35 Critical Speed (%) 55 50.8 1.65 

Level Charge (%) 35 Grinding Times (min) 0.5, 1, 2 and 15   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: Cumulative fraction finer than stated size vs grinding time. 

 

technique. The general equation that shows the specific 

rate of breakage is expressed as: 
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Where the parameter a represents the intersection of the 

axis in a plot (selection function versus particle size), 𝛼 is 

the slope of the line, 𝜇 is the critical point where line 

change direction and decrease. 𝑀 is the total grinding mass 

used, 𝑃 is the power drawn used for determinate  

the specific energy (kWh/ton). The rate of breakage (𝑆i) and 

the specific breakage rate (𝑆𝑖
𝐸) values vary with the size. 

The specific rate of breakage increases up to a maximum 

feed size and decreases rapidly above this size fraction. 

This means that there is an optimal feed size for the mill. 

These values are described by the parameter 𝜇  and it is 

where the maximum breaks occur. After of 𝜇 values of 

the breaks increase slowly. The parameter Λ was kept 

constant according to Austin’s value [23]. α, which is 

characteristic of the material, was satisfactorily 

determined and kept constant for the cases of mono size 

fraction, Coarse, Medium, and fine particle size 

distributions.  

The specific rate of breakage parameters was estimated 

by using the non-linear regression technique, fitting the 𝑆i 

in Equation 18. Basically, this technique finds the best 

combination of fitting parameters of a model by 

minimizing the square of the differences between the 

experimental values Pexp(t) and the predicted ones Pmodel(t) [24]. 

The parameters of the specific rate of breakage can be seen 

in Fig. 5. The calculated parameters for the studied 

samples are shown in Fig. 6. 

The value for parameter Ʌ was chosen from the 

literature to start the calculation [14]. 𝛼, which is 

characteristic of the material, was properly determined  

and kept constant. The parameter 𝛼 is a positive number 

normally in the range of 0.5 – 1.5. It is characteristic of the 

material and does not vary with mill operating conditions 

(rotational speed, ball load, ball size, or mill hold-up) over 

the studied test ranges [6] for dry milling. The 𝑎 and 𝜇 

parameters which vary with the mill conditions were 

determined using the same technique. The parameter 𝜇 is 

the critical point where the line changes direction and 

decrease. This parameter 𝜇 is related to xm since both are 

dependent on where the curve-specific rate of breakage vs. 

particle size starts to bend. The values of 𝜇 were found to 

be directly proportional to the corresponding values of xm  

for each grinding media. The parameter 𝑎 is directly 

proportional to the specific rate of breakage. It is expressed 

in time-1. The parameters calculation for each size 

distribution can be observed in Table 4. 

For this study the Bi,j values are assumed to be 

normalizable (δ = 0). This means that the fraction 

appearing at a size less than the initial feed size and is  
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Fig. 4: Cumulative fraction thicker than stated size vs grinding time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5: Graph showing the parameters obtained in 𝑺𝒊
𝑬 versus 

particle size. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6: A graph showing 𝑺𝒊
𝑬 versus particle size. 

 

 

independent of the initial feed size. The functional form of 

the Bi,j is given in Equation 12. 1 is the amount of progeny 

that contributes to the production of the finer fraction.  

The different values of, 2  and 3 describe the larger products 

produced by tensile stress and the smaller products 

produced by the intense compressive stress at the points of 

application. The parameter values for Bi,j  were determined 

from Equation 21 using the BII method [14]. The 1, 2, 

and 3 are the model parameters. These parameters  

were determined by a non-linear regression technique 

assuming constant values of Si in the population balance 

model. 

In a ball mill, there are many zones where the size 

reduction occurs usually know as load profile. The load 

profile in a ball mill basically is governed by two fracture 

mechanisms that predominate: impact and abrasion.  

The ball mill zones are shown in Fig. 7. 

The mono size fraction has a higher rate of breakage 

0.00918 min-1, this can be explained by the fact that the 

mill lifters can easily lift the load up to a higher point (load 

shoulder) from which it subsequently precipitates up to 

load kidney. In the Mono size fraction sample, its principal 

mechanism size reduction is the impact, which produces 

the most fraction of daughter products that contribute  

to the finer fraction, this could be validated for the 1 value 

is slightly higher than the others. 

The fine feed size distribution has the lowest rate of 

breakage 0.00421 min-1, this may occur due to these size 

distributions have a lot of fine particles. These particles 

take a place into the load kidney were the principal  
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Table 4: Si
E and Bij calculated parameters. 

Parameters 
Specific Selection Function Breakage function 

𝑆1
𝐸  𝑎 𝛼 Λ 𝜇 𝛼1 𝛼2 𝛼3 

Units (t/kWh) min-1 ---- ---- µm ---- ---- ---- 

MS (-19+12.5 mm) 0.5069 0.00918 0.650 2.5 6532.351 0.2436 0.250 4.0 

Coarse feed SD 0.4043 0.00732 0.650 2.5 6531.230 0.3145 0.250 4.0 

Medium feed SD 0.2265 0.00521 0.650 2.5 5876.283 0.3243 0.250 4.0 

Fine feed SD 0.0111 0.00421 0.650 2.5 686.23 0.2945 0.251 4.1 

 
 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7: Zones in a ball mill reduction. 

 

the mechanism is the abrasion. The abrasion mechanism 

produces slowly more fine particles may then causing  

the slowing down in the breakage, due to the low capacity 

of the lifters to move it around the mill. This causes 

agglomeration of fine particles in the mill base and a bed 

particle appears. This limits the probability of ball-ore-ball 

impact and the ore fracture due to contracting. The impact 

is absorbed like a hydraulic shock absorber [22]. For this 

sample the 𝛼1 value has the lower values of all samples, 

this means that the fine fraction contribution in the 

grinding kinetic is not as effective as the previous samples. 

In all cases when there was a change of size distribution 

the values of 𝛼2 and 𝛼3 was small variations, which means, 

that the larger products produced by tensile stress and  

the smaller products produced by the intense compressive 

stress are a little higher in each size distribution. Due 𝛼3 is 

the input of breakage for cleavage, can express that this 

breakage mechanism varies in all cases. 

 

Energy consumption 

Table 5 shows the energy consumption for all the 

samples studied in this paper. Measurement of the energy 

consumption was made by a programmable analog 

variator. The variator used in a grinding kinetic measures 

voltage and amperage every millisecond and could be extracted 

in a report. Four reports of voltage and amperage  

were generated per sample and according to the grinding 

time. Finally, the kWh in each sample was calculated.  

The specific energy (kWh/ton) depends on the operating 

conditions and the mill geometry and it has been calculated 

for each feed size distribution. 

Fig. 8 shows the graph where the Mono size fraction is  

the best of all experiments, due to this sample, has lower 

power consumption but a higher rate of breakage.  

The experiment that has the lowest fracture ranges and a high-

energy consumption is the Fine feed SD. It is interesting  

to note that even fine particles are added, the range of fracture 

decreases, and the energy consumption increases. 

 

Mill Product 

The experimental and simulated cumulative passing 

data were compared for validation purposes by using  

the parameters are given in Table 4. Fig. 9 shows the predicted 

and the experimental data for a mono size fraction, coarse, 

medium, and fine feed sizes distributions. For the cases of 

mono size, coarse, and medium feed sizes distributions,  

the prediction of the model shows good data reproduction. 

A little variation between experimental and modeling values 

shows that the model can efficiently reproduce the data 

modeling for all cases. For the case of fine feed size 

distribution, a little variation between experimental  

and prediction is denoted. This may occur for the fact that 

the fine particles into a ball mill follow non-first-order 

breakage kinetics as described before. [19]). Generally,  

in any event of size reduction, a small particle size usually 

requires more energy for a fracture event to occur, but  
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Table 5: Energy consumption in a ball mill grinding kinetics. 

Type 
Energy consumption 

kWh kWh/ton 

Mono size fraction 0.4749 9.5361 

Coarse feed SD 0.4750 9.5382 

Medium feed SD 0.4760 9.5582 

Fine feed SD 0.4861 9.7610 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8: Comparison chart between particle size, the rate of 

breakage, and the specific energy used. 

 

when the breakage occurs, the abrasion between particles 

generates a progeny of finer particles. This progeny  

in most cases needs a lot of time to produce it. 

 

CONCLUSIONS  

In this paper, an experimental method together  

with modeling is used to investigate the effect of the feed size 

distribution on the grinding process. Four different types 

of feed were designed using the Weibull distribution.  

The mill's inside conditions (design and operating) other than 

feed size distribution were kept constant. The same type  

of lifters, critical speed, loading amount of ball, and material 

aimed to investigate feed size distribution effect only.  

A kinetic approach was used to calculate rate parameters. 

The breakage function was evaluated for fine and coarser 

particles and was assumed to be normalizable and  

the breakage rate parameters were determined. Following 

conclusions are drawn from the study: 

The selection function was evaluated for coarser, 

medium, and fine size distribution while the breakage 

function is assumed to be normalizable. 

The breakage rate parameters were satisfactorily 

determined. The 𝑆𝑖
𝐸 curves show that the mono size 

fraction distribution shows the highest rate of breakage: 

S1
E values of 0.00918 min-1. Fine feed size distribution 

being the least efficient: S1
E 0.00421 min-1.  

In general, the change in the feed size distribution has 

an impact on the grinding kinetics. If it is considering that 

the mono size fraction as a starting point, adding fine 

particles causes a change in the F80, this causes changes  

in the charge profile affecting the energy consumption. 

In the samples studied in this paper with size 

distributions (Coarse feed SD, Medium feed SD, and Fine 

feed SD), it can be concluded that the highest rate of 

breakage is the size distribution which contains a large 

number of coarse particles S1
E values of 0.00421 min1. 

Hence, more studies about the impact of the feed size 

distribution must be performed to try to understand  

the effect of the fine particles and at some point;  

it can be proposed a granulometry that has a low energy 

consumption and high production of fines (ideal size 

distribution). In this study, the variation in Mono size 

fraction, Coarse, Medium, and Fine size distributions  

is assumed as the starting point. 

 

Nomenclature 

a                                                          Fracture speed, 1/min 

Bs                                                        Optimal ball size, mm 

Bij                                      Model ball mill breakage function 

bij                     Individual energy-based breakage function,  

                    showing the distribution of parent size class i  

                                              to lower size j due to collision 

D                                                       inner mill diameter, m 

F80       Represents 80% passing size in the fresh feed stream 

G(x)                                               Retained in “x” mesh, % 

K100                               Passing 100% size in lineal function 

M          Mass of the charge in the mill excluding the media 

m                                                             Slop in line equation 

N                                                                  Mill speed, rpm 

NC                           Mill critical speed expressed in percent 

P                                               Is the basic mill power drawn 

Q(x)                       Correction factor for slow speed breakage 

Sj                                       Breakage rate for size class j, 1/s 

Si
E           Energy-based breakage rate for size class I, t/kWh 

Si                                      Breakage rate for size class I, 1/s 

S1                         Is the specific rate of breakage of size 1  

                                                     and 𝑡 is the grinding time 
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Fig. 9: Experimental and simulated cumulative passing data for mono size fraction, coarse, medium  

and fine feed size distributions. 

 

T                                                              Grinding time, min 

wi                                                     Mass fraction for i class 

WiB                                              Bond´s work index, kWh/t 

W1(t)                              The size fraction for particles size  

                                                               of class 1 at time t 

W1(0)                               The size fraction for particles size  

                                                           of class 1 at time zero  

Xi                                                        The particle size, mm 

X0                                                              Referent size, mm 

                    Parameters dependent on the material ground 

                   Characterizes the degree of non-normalization 

                             Index of how rapidly the rate of breakage  

                                                                            falls away 

                                   Factor that defines the particle size  

                                                             at which 𝑄(𝑥) is 0.5 

                             Torque exerted by the mill minus friction  

                                                              in the bearings, Nm 

                                   Parameter that depends on ore type 
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