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ABSTRACT: In the present study, two phase nanofluid flow in a three dimensional system  

is modeled over a stretching infinite solar plate and the heat transfer analysis is performed for this 

problem. The governing equations are presented based on previous studies and the suitable solution 

method is recommended due to infinite boundary condition in the problem. Keller Box Method 

(KBM) using the Maple 15.0 mathematical software is applied as the solution method for  

the governing equation of the problem. The effect of some parameters existed in the equations  

(Pr (Prandtl number), Sc (Schmidt number), Nb (Brownian motion parameter), Nt (Thermophoresis 

parameter), λ=b/a (ratio of the stretching rate along y to x directions) and n (power-law index)), 

are discussed on the velocities, temperature, and nanoparticles concentration functions.  

As an important outcome, increasing both n and λ parameters, makes a reduction in shear stress, 

while it increase the Nusselt number function of heat transfer. 
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INTRODUCTION 

Due to high efficiency, clean energy and low costs of 

solar energy, it is widely investigated by the researchers  

 

 

 

 

 

to improve its performance such as using the nanofluids 

to increase the thermal efficiency of the solar devises [1].  
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Recently Gorji and Ranjbar [2] evaluated the effect  

of varying geometry on the overall thermal performance  

a nanofluid based Direct Absorption Solar Collector (DASC). 

They used Box–Behnken design and response surface 

methodology to study and optimize the main and 

interaction effects of the dimensions on the system 

overall thermal performance. Although they considered 

rectangular shape for the solar collector, Nasrin and Alim 

[3] investigated the thermal performance for a wavy solar 

collector filled by nanofluids numerically. Except for 

experimental and numerical works in this field, some 

researchers worked analytically on the nanofluids 

treatment in solar applications. Ahmad Khan et al. [4] 

analyzed the three-dimensional flow of nanofluid over an 

elastic sheet stretched non-linearly in two lateral 

directions under the solar radiation using the Runge-Kutta 

method. In another analytical study, Cregan and Myers [5] 

considered a system of two differential equations;  

a radiative transport equation describing the propagation 

of solar radiation through the nanofluid and an energy 

equation for the steady state, two-dimensional model of 

an inclined nanofluid-based direct absorption solar 

collector. Turkyilmazoglu [6] evaluated the alumina 

nanoparticles effect on the thermal performance of a 

water based solar collector analytically. The solution of 

the particle’s motion in different fluids media has been considered  

by the authors widely [7-10].  

Comparison of the single and two-phase modeling for 

the nanofluids has been considered by the researchers. 

For instance, Haghshenas Fard et al. [11] compared  

the results of the single phase and two-phase numerical 

methods for nanofluids in a circular tube. They reported 

that for Cu-water the average relative error between 

experimental data and CFD results based on single-phase 

model was 16% while for the two-phase model was 8%.  

In another numerical study, Göktepe et al. [12] compared 

these two models for nanofluid convection at the entrance 

of a uniformly heated tube which found the same results 

and confirms the accuracy of two-phase modeling. 

Mohyud-Din et al. [13] in an analytical study, considered 

the three dimensional heat and mass transfer with 

magnetic effects for the flow of a nanofluid between  

two parallel plates in a rotating system. As one of their 

main outcomes, thermophoresis and Brownian motion 

parameters are directly related to heat transfer but  

are inversely related to the concentration profile. Also, 

they found that higher Coriolis forces decrease the 

temperature boundary layer thickness. The three-

dimensional flow of nanofluids under the radiation (due 

to solar or etc.) has been analyzed by Hayat et al. [14] 

and Khan et al. [15]. They also computed and examined 

the effects of different parameters on the velocity, 

temperature, skin friction coefficient and Nusselt number 

of the nanofluid flow. Other works of nanofluids flow 

and heat transfer analysis can be found in [16-31].  

In this study, it is aimed to investigate the heat 

transfer and fluid flow of nanofluids on a 3D solar 

infinite plate by numerical solution of the nonlinear 

governing equation. To investigate the heat transfer from 

this plate, the effects of appeared parameters in equations 

on Nusselt number, temperature profiles, and 

nanoparticles concentrations are discussed. 

 

PROBLEM DESCRIPTION 

A nanofluid flow over a solar plate as proposed by 

Khan et al. [4] is shown in Fig. 1. The flow is 

incompressible and induced due to plate stretched in two 

directions by nonlinear functions. The plate is maintained 

at constant temperature and the mass flux of the 

nanoparticles at the wall is assumed to be zero.  

Three-dimensional governing equations will be [4]:  
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Here u and v are the velocities in the x and y 

directions, respectively, T is the temperature, C is  

the concentration, DB is the Brownian diffusion coefficient 
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Fig. 1: Schematic of the nanofluid flow over a stretching solar 

plate. 

 

of the diffusing species and DT is the thermophoretic 

diffusion coefficient.  Because the plate is infinite  

and is stretched in two directions by nonlinear functions,  

the relevant boundary conditions are: 

   
n n

w wu u a x y ,v v b x y                             (6) 
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By introducing these parameters: 

   
n n

u a x y f ( ), v a x y g ( )                               (7) 

     
n 1

2f

n 1 n 1
w a x y f g f g

2 2

   
         

 
 

 
n 1

2

w f

T T C C a
( ) , ( ) , x y z

T T C


 

 

 
        

 
 

and substituting the above variables into (1)-(5) 

equations, one can get: 
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                                          (11) 

These systems of nonlinear equations should be 

solved by a powerful numerical or analytical method.  

In this study OCM is applied with these boundary 

conditions: 

     f 0 0, f 0 1,g(0) 0,g (0) , 0 1,                 (12) 

   Nb 0 Nt 0 0      

     f 0,g ( ) 0, 0, 0            

where Pr (Prandtl number), Sc (Schmidt number), Nb 

(Brownian motion parameter), Nt (Thermophoresis 

parameter),  λ=b/a (ratio of the stretching rate along y  

to x directions) are parameters as defined in [4]. 

 

NUMERICAL PROCEDURE 

In this study, Keller Box Method (KBM) is used  

as an efficient numerical method for solving the problem using 

Maple 15.0 software. The Keller Box scheme is a face-

based method for solving partial differential equations 

that has numerous attractive mathematical and physical 

properties. It is shown that these attractive properties 

collectively follow from the fact that the scheme 

discretizes partial derivatives exactly and only makes 

approximations in the algebraic constitutive relations 

appearing in the PDE. The exact Discrete Calculus 

associated with the Keller-Box scheme is shown to be 

fundamentally different from all other mimetic (physics 

capturing) numerical methods. Actually, Keller Box is  

a variation of the finite volume approach in which 

unknowns are stored at control volume faces rather than 

at the more traditional cell centers. The name alludes  

to the fact that in space-time, the unknowns sit at the corners 

of the space-time control volume which is a box in one 

space dimension on a stationary mesh. The original 

development of the method [32] dealt with parabolic 

initial value problems such as the unsteady heat equation. 

The method was made better known by Cebeci and 

Bradshaw [33] as a method for the solution of  

the boundary layer equations. 

 

RESULTS AND DISCUSSIONS 

To solve the governing equations of (8)-(11) with 

boundary conditions in Eq. (12) by numerical methods, 

the infinite range must be clear. It means that which η can 

role as the infinite number. To find this value three 

different numbers (4, 7 and 10) are examined which 

results are depicted in Fig. 2. As seen for all the profiles 

(Velocity, Temperature and Nanoparticles concentrations) 
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Fig. 2 Effect of η on profiles when n=1, Nb= 0.7, Nt= 0.4,  

Sc = 2, Pr= 1, = 0.5.  

the two last values (i.e. 7 and 10) have the same profiles, 

so increasing this value has not more effect on the results 

and we choose 7 for it in the solution. 

Figs. 3 demonstrate the effect of the power-law 

index (n) on the x- and y- components of dimensionless 

velocities (f'(η) and g'(η) functions) as well as 

temperature and nanoparticles volume fraction boundary 

layer profiles (θ(η) and φ(η)). As seen, with the increase 

of the power-law index n, both the dimensionless 

velocity in the x- and y-directions decreases, 

correspondingly. Also, it can be seen that the decrement 

of velocity in the x-direction and y-direction are equal 

roughly. Actually, the results show that both velocity 

profiles are decreasing the function of the power index. 

Furthermore, it is clear that the thermal boundary layer  

will be thinner for larger n values while nanoparticles 

concentration profile become thicker, both of which 

augments, in turn, the rate of heat transfer from  

the sheet. It can also be found that the greater the n value is, 

the faster the decline of  will be. It is proposed that the 

increasing n can enhance the convective properties of 

the fluid since it will increase the deformation by  

the shear stress from the wall to the fluid.  

The effect of Brownian motion parameter (Nb) on the 

nanoparticles volume fraction function is shown in Fig. 4. 

This figure reveals that Brownian motion parameter has 

an inverse effect compared to Nt. Actually, an increase  

in Nb can lead to a decrease in nanoparticles 

concentration. Therefore,  will decrease upon the 

increasing of the Brownian motion parameter Nb. Effect 

of Schmidt number (Sc) on temperature and nanoparticles 

volume fraction is shown via Fig. 5. 

From the Schmidt number definiation (the ratio of 

momentum diffusivity to mass diffusivity), an increase 

in Sc corresponds to the decrease of the Brownian 

diffusion coefficient DB. As seen in Fig. 5, the smaller 

DB, corresponding to higher Sc numbers, could result 

in more nanoparticle penetration due to higher 

momentum diffusivity which in turn gives rise to the 

shorter penetration depth of nanoparticle volume 

fraction . 

A higher Prandtl number fluid possesses stronger 

convection as compared to pure conduction and effective 

in transferring energy through a unit area. The reduced 

Nusselt number, therefore, increases with an increase in 

Pr. Fig. 6 represents the effect of Prandtl number on the 

0        1        2       3        4        5       6        7       8        9       10 

 

0        1        2       3        4        5       6        7       8        9       10 

 

0        1        2       3        4        5       6        7       8        9       10 

 

1 
 

0.9 
 

0.8 
 

0.7 
 

0.6 
 

0.5 
 

0.4 
 

0.3 
 

0.2 
 

0.1 
 

0 

f 
(

) 

0.1 

 

 
0.05 

 

 
0 

 

 
-0.05 

 

 
-0.1 

 

 
-0.15 


(

) 

0.9 
 

0.8 
 

0.7 
 

0.6 
 

0.5 
 

0.4 
 

0.3 
 

0.2 
 

0.1 
 

0 
 

-0.1 


(

) 



Iran. J. Chem. Chem. Eng. Two-Phase Nanofluid Thermal Analysis over a Stretching ... Vol. 37, No. 6, 2018 

 

Research Article                                                                                                                                                                  251 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3 Effect of power index (n) when  = 7, Nb= 0.7, Nt = 0.4, Sc= 3, Pr= 1, = 0.5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Effect of Brownian motion parameter (Nb) on 

nanoparticles volume fraction when  = 7, n= 1, Nt= 0.4,  

Sc= 3, Pr= 1, = 0.5.  

thermal boundary layer. As shown in this figure, 

temperature   decreases and becomes very close to  

the ambient temperature and the slope of temperature 

distribution near the wall become steeper with an 

increment of Pr. As Khan et al. [4] reported, an increase 

in Pr accompanies with weaker thermal diffusivity and 

restricts the heat from flowing deeper into the nanofluid,  

so thermal boundary layer becomes decreased with  

an augmentation of Pr.  

The influence of stretching rate ratio, λ, on the 

velocities components and temperature/nanoparticles 

concentration is presented in Fig. 7. Physically, the 

increase in stretching rate ratio, or the large values of 

  (=b/a), means either increase in b or decrease in a, 

so it is expected to further lead to an acceleration of  

the downward flow along the vertical direction, and 
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Fig. 5: Effect of Schmidt number (Sc) on temperature and nanoparticles volume fraction when  

 = 7, n= 1, Nb= 0.7, Nt = 0.4, Pr= 1, = 0.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 6: Effect of Prandtl number (Pr) on temperature and nanoparticles volume fraction when  

 = 7, n= 1, Nb= 0.7, Nt = 0.4, Sc= 3, = 0.5. 

 
as a result, a decrease in x-component and increase  

in y-component velocity profiles would occur. Moreover, 

increasing the stretching rate ratio makes a colder fluid 

flow due to the higher heat transfer process as can be found 

in Fig. 7. Consequently, the thermal boundary layer 

becomes thinner and both temperature and concentration 

profiles decrease.  

The effect of the thermophoretic parameter (Nt) 

and Prandtl number on the Nusselt number is shown in 

the 3D contour of Fig. 8. The thermophoretic force is 

the force that diffuses nanoparticles into the ambient flow 

and due to the existence of the increased amount of  

the nanoparticles in the fluid the temperature gradient 

will be smaller. It is clear that maximum heat transfer 

occurs when the Nt has minimum and Pr has  

the maximum values.  

Fig. 9 confirms that Sc also has the same effect  

on Nusselt number, i.e. it makes maximum Nu in the 

lower values. Finally, the effect of n and  on the shear 

stress at the surface (i.e., f"(0) and g"(0)) and reduced 

Nusselt number (Nur) is depicted in Fig. 10. It reveals 

that increasing both n and λ parameters makes 
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Fig. 7: Effect of stretching rate ratio, λ when  = 7, n= 1, Nb= 0.7, Nt = 0.4, Sc= 3, = 0.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8: Effect Pr and Nt on the Nur function of when   = 7, 

n= 1, Nb= 0.7, Sc= 3, = 0.5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9: Effect of Pr and Sc on Nur function when   = 7,  

n= 1, Nb= 0.7, Nt= 0.4, = 0.5.  

 
reduction in shear stress, while it increases the Nusselt 

number function of heat transfer. 

 

CONCLUSIONS 

In this study, Keller Box Method (KBM) as a numerical 

method by Maple 15.0 was applied to find the solution of 

3D modeling of heat transfer for two-phase nanofluids flow 

over an infinite stretching solar plate. Due to infinite boundary 

condition, it is tried to find the suitable definable value as the 

infinite in boundary conditions. Comparison results show 

that 7 is a suitable number for this geometry. As an important 

outcome from the heat transfer view point, maximum heat 

transfer occurs when the thermophoretic parameter (Nt) has 

minimum and Prandtl (Pr) has the maximum values. Also, 

increasing both power index (n) and λ parameters, makes a 

reduction in shear stress, while increases the Nusselt number. 
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Fig. 10: Effect of n and λ on Nur, f"(0) and g"(0) when  

 = 7, Nb= 0.7, Nt= 0.4, Sc= 3, Pr= 1.  
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