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ABSTRACT: The correct information on RTD can help in system design and evaluation. The RTD 

corresponding to the velocity profile is known only for certain cases, where the velocity profile 

depends on one coordinate only. In this research, a general procedure for the derivation of RTD 

corresponding to a known velocity profile is introduced. The RTD of laminar flows in different ducts 

as elliptic, equilateral triangular, moon-shaped, and rectangular ducts are derived. Also, it is shown 

that the final RTD for laminar flow in any duct, can be estimated using relation E(θ) = K θmin/θn which 

is similar to laminar flow in the pipe, with their own dimensionless minimum time, min, where  

is defined as the required time for traveling the duct with the maximum velocity in a unit of space-

time. The values of K and n are calculated to meet the condition of 
 

    
 

  min min
( ) ( )E d E d 1 . 

Besides, the values of min for different cross-sections are studied. The results show that the RTD  

of elliptic ducts is precisely similar to the pipe flow. In the case of other shape ducts, the proposed 

model shows a suitable estimate of the numerical values. The previously published experimental data 

and precise analytical solutions agree with the proposed model with an acceptable consistency, 

except for very little time say θmin < θ < 0.7.   
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INTRODUCTION 

Evaluation of RTD in various processes provides 

valuable information for enhancing the theoretical 

investigation and experimental improvement of the studied 

fields. The mixing efficiency was introduced using RTD 

to characterize the degree of mixing in a ventilation  

system [1]. Turbulent flows in helical static mixers were 

modeled by RTD [2]. Investigating the operating and 

design parameters of continuous powder mixers shows 

that the upward processing angle and low impeller rotation  

 

 

 

rate is the optimal processing setting, and these parameters 

result in the longest residence time and suggest that one of 

the main variables affecting mixing performance is 

residence time [3]. Some investigations attempt to link 

changes in filtration efficiency and pressure drop to 

changes in fluid RTD. The results show that a small 

amount of deposit yields large changes in the second 

moment, with the first moment remaining practically 

unchanged [4]. The results of the effect of compression  
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pressure in fuel cells shows that an increase in pressure 

leads to a translation of the RTD to smaller normalized 

time values. Significant attention to RTD characteristics 

represents a potential approach to address the development 

of mathematical models to design fuel cell parameters [5]. 

The flow dispersion level of a clean membrane of Reverse 

Osmosis (RO) desalination was found to be markedly 

affected by the presence of a fouling deposit and therefore 

analysis of RTD data is a novel method for online 

detection of membrane fouling [6]. The RTD analysis  

in hydro-cyclone processing copper ore leads to the 

determination of the kinetic parameters, degree of mixing, 

and relative separation of each class of grain in the hydro-

cyclone [7]. It has been shown that the axial velocities  

in the solid separation region of the rough-cut cyclones  

are quite different from that conventional cyclone 

separators. Also, the RTD study implies a log-normal 

distribution for the major gas flow and a bimodal profile 

for the dipleg and exit tube [8]. The experimental data of 

an RTD study on a twin-screw extruder employed for  

the alkaline extraction of poplar hemicelluloses show that  

a reduction in screw rotation speed and solid flow rate 

affected the Mean Residence Time (MRT) of the liquid 

phase, which enhanced the extraction yield of 

hemicelluloses [9]. Nowadays, the radiotracer technique 

for the RTD measurements at industrial-scale 

reactors/vessels is getting popular [10–13]. 

Numerous studies on RTD characteristics for different 

applications were reported in the literature. The 

characterization of residence time distribution (RTD) in 

microreactors shows laminar flow behavior especially if 

the static micromixer was added to the fluidic setup [14]. 

Extensive studies have been reported on RTD of solute in 

streams and rivers and it is proved that RTD is channel 

size-dependent [15]. The experimental data of RTD on  

a high-frequency ultrasonic reactor shows that the reactor 

behaves like a Completely Stirred Tank Reactor (CSTR) 

 as soon as ultrasonic operates [16]. Also, an experimental 

RTD study shows that the gasification technology of jet-

entrained beds tends to behave like to perfect mixing 

process [17]. The process variables can be linked to the 

RTD [18]. The RTD of the liquid-phase loop reactor, taking 

into account the capacitance of the recycling pump [19] has  

a qualitatively similar trend to the closed recirculation 

system of a set of CSTR [20] that will approximate 

 the RTD of a Rotating Packed Bed (RPB) system [21]  

for a large number of tanks. A Particulate Trajectory 

Model (PTM) can be used to predict RTD [22]. 

The relation between the velocity profile and RTD  

was studied via various viewpoints. The RTD of various 

forms of laminar flow of liquids in sections of vessels that 

are not too long was derived for flow with negligible 

interaction between neighboring streamlines [23]. The velocity 

profile derived using CFD software or velocity sensors 

was used to construct RTD profiles. In solid systems, the 

equivalent tools are the Discrete Element Method (DEM) 

and Positron Emission Particle Tracking (PEPT) [24].  

A cell model with a place-changing probability that needs 

two basic inputs including a known velocity profile and  

a parameter for intercellular substance exchange to 

represent dispersion, has been used to study the influence 

of velocity profile and diffusion on RTD [25]. The RTD 

corresponding to the velocity profile of fully developed 

laminar flow in a straight duct with no-slip boundary 

conditions is known only for certain cases, where the 

velocity profile depends on one coordinate only. The 

knowledge of the RTD of laminar flow in straight channels 

with non-circular cross-section is not only of academic 

interest but of significant practical importance for 

microfluidic devices in general. [26]. The applicability of 

a so-called smart RTD (SRTD) is investigated in 

multiphase systems as well [27]. There are three general 

ways to find RTD of a system including 1- pure 

experimental methods such as nonreactive tracers, 2- 

theoretically based models beside empirical correlations 

such as dispersion model with axial dispersion as  

a function of Re and Sc, 3- pure theoretical relations  

such as RTDs of plug flow, completely mixed flow, and 

the RTD corresponding to the velocity profiles for 

different laminar and turbulent flows [23, 28]. It is worth 

noting that the corresponding RTD to the axial velocity 

profile is based on the pure convective assumption. In this 

research, the required relations for straightforward 

determination of RTD using velocity profiles are well 

formulated.  The proposed algorithm is applicable to the 

velocity profiles of two independent variables although  

the final relation may not be expressed in an explicit form. 

 

The mathematical modeling of RTD in ducts 

The fraction of fluid with a flow rate between q and  

(q + dq) and spends time between t and (t + dt) in the 

reactor is [29]: 
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c

0 m ct

udAdq
(tE )dt

q u A
                     (1) 

where u is the velocity of an element of the fluid in the 

axial direction (x3) to differential cross-section dAc = dx1 

dx2, um is the mean velocity on the whole cross-section Act 

perpendicular to the axial direction. If the length  

of the studied vessel, L, is traveled during the time t 

by the element of fluid and at mean residence time,   ,  

by the fluid, then the velocity profile is expressed as 

1 2
1 2

m

u(x , x )1
u *(x , x )

u
 


                  (2) 

Where  = t /   is a dimensionless time.  Differentiation 

of logarithm of Eq. (2) result in  du*/u* = -d /  where 

beside the equity of E(t)dt = E()d and using Eq. (1)  

one can derive the final equation for RTD as 

 c ct

3

d A / A1
E( )

du *
 


                   (3) 

where the absolute operator prevents negative values 

for RTD. For laminar pipe flow with u*
max = 2, the velocity 

profile is 2u* 2 1 (r / R)  
 

 or du* = -4(r / R)d(r/R)  

and dAc / Act = 2(r / R) d(r / R), then Eq. (3) will be 

simplified to the famous E() = 1/ (2 3) or with the definition 

of min = 1 / u*
max  it can be expressed as 

3
minE( )                        (4) 

In another sense of Eq. (3), Ac is the area of close loci 

of fluid elements with the specified value of u*. In this  

view, (r/R)2 = 1-u*/2 and consequently one can write  

Ac /Act = 1-u* / 2 where Eq. (3) simply arises to Eq. (4).  

In the case of more complicated velocity profiles such as 

the velocity profiles in the ducts with the triangular or 

moon-shaped cross-sections that will be explained in the 

following section, at first the loci of constant velocity 

should be derived and then Eq. (3) is analytically or 

numerically evaluated.  

In this research, it is proposed that a similar form of 

RTD to that of laminar pipe flow may be used to approximate 

other laminar flows. The proposed relationship is 

min

n
E( ) K


 


                    (5) 

Where the value of the exponent n and K that meet 

min min

E( )d E( )d 1
 

 
        is derived as 

min

min

2
n

1





                  (6a) 

and 

n 2
minK (n 1)                      (6b) 

The algorithm of the calculations can be considered as 

follows. The velocity profiles and the corresponding 

relations for mean and maximum velocity are known  

in the literature or mathematical manipulation. The 

dimensionless velocity, u*, and dimensionless maximum 

velocity, u*max, can be evaluated, and immediately  

the value of min = 1/u*
max will be specified that may be  

a function of some geometrical parameters of the cross-

section. The corresponding n to any values of min  

is calculated using Eq. (6). The proposed model, Eq. (5), 

is completely specified at this stage.  To evaluate RTD 

using Eq. (3), the form of u* as a function of Ac/Act should 

be known. It will be available only for a few cross-sections 

such as circular and elliptical ducts. For other shapes,  

the values of u* at each element of cross-sections  

are calculated - here using a Matlab code - and the loci  

of the elements with the same u* values will construct  

the constant velocity loci where the corresponding Ac  

may be evaluated numerically. The values of u* against 

Ac/Act will be used to evaluate RTD using Eq. (3). 

 

RESULTS AND DISCUSSION 

Here, Eq. (3) is verified for some configurations. 

 

Laminar flow in an elliptical duct 

The velocity profile of laminar flow in an elliptical duct 

can be expressed as [30] 

 2 2 2 2

2

2
u* * z y b

b
                       (7) 

where * b / a, a z a; b y b         and the 

area of  Act = ab. The maximum velocity will be  

at the origin, u*
max = 1/min = 2. The loci of the constant 

velocity should apply to  

2 2 2 2* z y b (1 u*/2) 0                       (8) 
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Fig. 1: The loci of the constant u* (a), and the RTD of the elliptical duct (b); that is precisely similar to the RTD of a circular pipe. 

 

where is an elliptic similar to the duct with 

a ' a 1 u*/2   and b' b 1 u*/2  , and therefore

cA ab(1 u*/2)    or c ctA / A 1 u*/2   that is the same 

as the circular duct. Finally, the RTD of elliptical duct flow 

according to Eq. (3) is precisely expressed using the 

laminar pipe flow, Eq. (4). Fig. 1 shows the loci of constant 

velocity (u*) and the RTD of the elliptical duct.  The selected 

value of α* = 2 is used for constant u* loci in Fig. 1. 

 

Laminar flow in an equilateral triangular duct 

The velocity profile of laminar flow in an equilateral 

triangular duct can be expressed as [30] 

3 2 2 2 3

3

15 32
u* y 3yz 2b(y z ) b

278b

 
       

 
                (9) 

where the height of the triangle is 2b, each side is 

4b / 3 , the origin is set to the center of the area, b z b  

, 2b / 3 y 4b / 3    and 2
ctA 4b / 3 . The maximum 

velocity at the origin is max minu* 1/ 20 / 9   . The loci 

of constant velocity, u*  =  cte, at any specified u* for each 

value of y will apply the following equation for z 

     

 

3 22
32 / 27 y / b 2 y / b 8 /15 u *z

b 3 y / b 2

   
 

 
         (10) 

However, before taking the second root of the right-hand 

side of Eq. (10), negative values should be replaced by zero 

and after calculation of the square root, both plus and minus 

signs are acceptable. For plotting the calculated loci, zero 

values of z should be separated to have the final shape. Fig. 2 

shows the loci of u* = 0.1, 1, and 2.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2: The loci of constant velocity for laminar flow in an 

equilateral triangular duct for different values of u*. 

 
The shape of the constant velocity loci variates as the 

value of u* increases and its area cannot be evaluated 

analytically. Nevertheless, simple numerical evaluation 

yield Fig. 3 for Ac/Act against u* as the required function 

in Eq. (3). Here a range of 3
max10 u* 0.99u*    and  

the whole range of y is divided into 1000 sections and each 

element is considered a rectangle. The calculated area  

is not very sensitive to the selected ranges and meshes size 

(e.g. 1000 is comparable to 100).  

The final RTD curve according to Eq. (3) is shown  

in Fig. 4 which compares the derived data to Eq. (5) in which 

the value of n is calculated using Eq. (6) as 2.58. Although 

there is some deviation at high values of time, the unity 

Pearson correlation coefficient, R2 = 1, shows a good 

representation of RTD by Eq. (5) without any fitted 

parameters.  
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Fig. 3: The numerical evaluation of Ac/Act against u* for 

laminar flow in an equilateral triangular duct. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4: The RTD of laminar flow in an equilateral triangular 

duct. 

 

Laminar flow in a moon-shaped duct 

The velocity profile of laminar flow in a moon-shaped 

duct can be expressed as [30] 

2
2

ˆr 2cos( ) ˆu* M * 1 ; 0
a r / a

    
                

          (11) 

where 

M                     (12) 

 
   

2

4 2 3 2 2
3

2 * sin(2 )

* /2 2 * 1 8 / 3 * sin( ) ( * )sin(2 ) sin(4 ) /12

  

            

 

and a* = b/a. The nomenclatures are similar to [30] and 

the angle ̂  should not be confused with the dimensionless 

time variable, .  

The maximum velocity is calculated via 

 

 
2

max
min

*/2 11 3
u * M 1 * *

4 */2 1

  
     
   

          (12) 

The values of maximum velocity, min and 

corresponding K and n, according to Eq. (6) against the 

geometric angle, , are depicted in Fig. 5.  

The loci of the constant velocity cannot be specified 

analytically, however, numerical evaluation is used to 

derive it as shown in Fig. 6. For determination of locus for 

each u*, say u*i , at every degree of ̂  the radial position 

for which the objective function  
2

i1 u*/u*  is 

minimized, should be selected and the minimum value 

should be less than e.g. 10-4, otherwise unwanted curve 

parts will connect the locus to the vertices.  

According to Fig. 6, the shapes of constant velocity loci 

depend on the selected velocity and therefore only the 

numerical method is applicable for area evaluations. 

Nevertheless, the calculations are complicated and the 

selected method in this research produces some scattered 

data especially at lower velocities as can be seen in Fig. 7. 

The area of each constant velocity locus is calculated by 

subtracting the area of its left-hand side curve from the 

corresponding right-hand side.  

The studied values include 500 velocity points between 

0.1 to 0.99 of the maximum velocity, 500 values ̂  

between 0 to  , and 500 values for r/a between * and  

out
ˆr / a 2cos( )  . Finer meshes do not lead to more 

precise values. It is obvious that the calculations will produce 

half the area and should be doubled to have the correct 

value. However, a polynomial relation as 

2c

ct

A
0.11u * 0.17u * 1

A
                     (13) 

can properly reproduce the area of constant velocity loci 

as shown in Fig. 7. It was derived by fitting the relation 

to the numerical data followed by rounding the 

coefficient as applying the condition of zero velocity, 

Ac(u* = 0)/Act = 1. Fig. 7 shows the data for b = 1 and 

 =  / 3, however, Eq. (13) is suitable for other values 

since the variation of these parameters does not have 

any significant effect and the nature of scattered  

data does not permit a precise relation. Eq. (13) 

facilitates using of Eq. (3) for evaluating RTD  
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Fig. 5: The variation of a) u*max, b) min, c) K and d) n according to Eq. (6) against   for moon-shaped duct. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6: The loci of constant velocity for laminar flow in a moon-shaped duct for different values of u* and . 
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Fig. 7: The numerical evaluation of Ac/Act against u* for 

laminar flow in a moon-shaped duct with  =  / 3 and b=1. 
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Fig. 8: The RTD of laminar flow in a moon-shaped duct. 

 
of the flow. Fig. 8 shows the final RTD compared to the prediction 

of Eq. (5) with the values of min and n that were depicted  

in Fig. 5. Similar to the triangular duct although some deviation  

is seen, the high value of the Pearson correlation coefficient,  

R2 = 0.98, shows a good representation of RTD  

by Eq. (5) without any fitted parameters.  

 

Laminar flow in a rectangular duct 

The velocity profile of laminar flow in a rectangular 

duct with the horizontal length of 2a in the z-direction  

and vertical length of 2b in the y-direction and the origin 

at its center can be expressed as [30] 

3

48
u*  


                   (14) 

 
 

 

 

n 1

2
3

n 1,3,

5 5
n 1,3,

cosh n y / (2a)1
( 1) 1 cos n z / (2a)

cosh n b / (2a)n

192 a 1
1 tanh n b / (2a)

b n







  
   

  

 
  
  




 

The maximum velocity at the center of the rectangle is  

 

 

n 1

2
3

n 1,3,
max 3

5 5
n 1,3,

1 1
( 1) 1

cosh n b / (2a)n48
u *

192 a 1
1 tanh n b / (2a)

b n







  
  

  


 
  
  




 (15) 

where depends on the ratio b/a as is shown in Fig. 9. 

According to this figure, the curves of the maximum 

velocity, minimum time, and corresponding K and n have 

an extremum at b/a = 1.  Fig. 10 shows the contour plot for 

u* in the cross-section of the rectangular duct for b/a = 0.5.  

Although the shape of constant velocity loci changes 

from a rectangle to an elliptic as the velocity increases,  

the numerical evaluation of the area ratio against u* results  

in a smooth curve as depicted in Fig. 11. Therefore,  

in the spite of the moon-shaped duct, a precise numerical 

RTD curve will be calculated as is shown in Fig. 12. 

Nevertheless, for studied values of b/a, the Pearson correlation 

coefficient for prediction of Eq. (5) does not exceed 0.89, 

although it is very good by eye!.  

 

Discussion and verification of the model 

According to Levenspiel [20], for the pure convection 

model (laminar flow in short tubes or laminar flow of 

viscous materials) the RTD can be derived theoretically 

using velocity profiles. However, verification by 

experiments will show the applicability of the model.  

The proposed model in this research is an approximate 

RTD for various laminar flows. Therefore, it was verified 

by comparing the exact RTDs. 
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Fig. 9: The variation of a) u*max, b) min , c) K and d) n according to Eq. (6) against b/a for rectangular duct. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10: The contour plot for the velocity of laminar flow in a 

rectangular duct with b/a = 0.5. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11: The numerical evaluation of Ac/Act against u* for 

laminar flow in a rectangular duct with b/a = 0.5. 

 

To test the proposed model, experimental RTD for 

micro-structured plate reactors was studied. Cantu-Perez et al. 

measured RTD by monitoring the concentration of a tracer 

dye using a LED-photodiode system [31]. Their 

experimental and numerical RTDs for the channel with the 

simple rectangular slit of width 14 mm and height 2.46 mm 

at a flow rate of 0.2 mL/min can be compared to the 

prediction of Eq. (5) in Fig. 13. The particle tracking loci 

in Fig. 13b were obtained based on the Navier-Stokes and 

the continuity equations, simultaneously with COMSOL 

Multiphysics 3.5 for 10,000 particles that were distributed 

proportionally to the axial velocity at the channel inlet.  
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Fig. 12: The RTD of laminar flow in a rectangular duct. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13: prediction of (a) the proposed model compared to (b) 

the research of Cantu-Perez et al. [31]. 

 

No-slip boundary conditions were applied to all walls and 

periodic boundary conditions were considered at the inlet 

and outlet. 

The calculations result in θmin = 0.5921 and n = 3.4517 

and K = 1.1457 as shown in Fig. 9. As can be seen 

 in Fig. (13b), experimental data verify the calculated value 

of min.  Also, the experimental RTD is consistent with  

the proposed model, Fig. 13a, at  > 0.7 without any adjustable 

parameter. However, the values of E corresponding to  

 0.56 <  < 0.7 seems to overestimate the experimental 

data. Nevertheless, it may be related to the assumed 

velocity profile, because the approximate method used by 

Worner [26] verifies the proposed model and the lack of 

precision may be related to the difference between  

the actual velocity profile and Eq. (14) as the theoretical 

velocity profile beside the experimental error. 

The proposed model is not restricted to the studied 

configurations. For example, Fig.14 shows the prediction 

of Eq. (5) compared to the precise analytical RTD  

for falling film flow [23] and laminar flow in annulus [32]. 

According to Levenspiel et al. [23], the value of  

min for falling film flow is 2/3 and by Eq. (6) the values  

of model parameters are n = 4 and K = 4/3. Also,  

the Fig. 14 shows the laminar flow in an annulus with  

a selected ratio of the outside radius of the inner cylinder 

to the inside radius of the outer cylinder as 0.3, and  

the corresponding min is evaluated according to the 

 relations of Pudjiono et al. [32] as 0.6569 that according  

to Eq. (6) corresponds to n = 3.9149 and K = 1.3037. 

According to Fig. 14, the prediction of the proposed  

model is acceptable unless for a dimensionless time near 

to the min.  

The proposed model is claimed only to be approximate 

to the exact RTDs of various flows. The proposed RTD 

provides a suitable approximation to the exact ones. For 

example, the approximate dispersion model with derived 

D/uL based on the variance of experimental RTD, will not 

result in a dispersion model-RTD coincided with  

the experimental RTD. Therefore, the observed differences 

for θ>0.7 are acceptable.   
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Fig. 14: The prediction of the proposed model compared to the 

precise analytical solution for falling film flow [23] and 

laminar flow in annulus [32]. 

 

CONCLUSION 

The RTD of flow is usually determined 

experimentally. However, it can be derived analytically if 

the velocity profile of flow is known. The derivation 

method is straightforward for the axial profiles with one 

geometrical variable, but it is complicated in the case of 

profiles with two independent variables especially if its 

functionality is expressed by the terms containing infinite 

series. Some researchers used approximate methods.  

In this research, a general algorithm is proposed that 

can be used for any velocity profile. The loci of constant 

velocity should be determined analytically or numerically. 

The laminar flow velocity profiles of four cross-section 

shapes were studied. In the case of laminar flow in 

elliptical ducts, all relations are derived analytically and 

the final form is precisely similar to the pipe flow. In the 

case of laminar flow in an equilateral triangular duct, the 

loci of constant velocity can be expressed analytically and 

its RTD was derived numerically. In the case of laminar 

flow in the moon-shaped duct, the loci of constant velocity 

were estimated by an analytical expression and its RTD 

was derived numerically. In the case of laminar flow  

in a rectangular duct, both loci of constant velocity  

and RTD were derived numerically. 

Also, a simple relation with two parameters is proposed 

that the parameters are specified based on the maximum 

velocity and the condition of unity integral of RTD 

together with the definition of mean residence time. 

Therefore, the proposed model does not have any 

adjustable parameters. The previously reported 

experimental data of the rectangular duct and the precise 

analytical relations for falling film flow and annular flow 

verified the applicability of the proposed model. 

 

Supporting Information 
The MATLAB codes for Figs. (PDF). 

 

Nomenclatures 

a           Constant 

b           Constant 

Act                Total cross-section, m2 

dAc      The area element of cross-section, m2 

D          Diffusion coefficient, m2/s 

E(t)   Residence time distribution, s-1 

dq   The flow rate element equal to u.dAc, m3/s 

n           Constant 

q0      Total flow rate, m3/s 

R         Radius, m 

r         Radial position, m 

Re            Reynolds number, Re = 2R.um /  

Sc       Schmidt number, Sc =  / D 

t             Time, s 

u                 Velocity, m/s 

um           Mean velocity equal to q0/Act, m/s 

u* = u / um               Dimensionless velocity 

x1, x2             Geometrical dimensions of the cross area, m 

y               Geometrical dimension 

z             Geometrical dimensions 

 

Greek letters 

* = b /a           Constant 

= t /        Dimensionless time 

min      Minimum value of  

       The time constant, space-time, stress 

           Kinematic viscosity, m2/s 

                Angle 
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