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ABSTRACT: The conventional models utilized to study flow behavior in a Non-Condensate  

gas reservoir did not consider the effects of gas slippage and different outer boundary conditions.  

For gas wells with a constant production flow rate in a bounded oil or gas reservoir, commonly, the outer 

boundary conditions are infinite boundary conditions or zero flux. In this study, the dimensionless 

pseudo pressure and dimensionless derivative of pseudo pressure in the presence of 4 different outer 

boundary conditions (infinite reservoir, constant pressure, exponential, and power-law) besides 

effects of gas slippage, wellbore storage, and skin factor are analyzed. To do this, the dimensionless 

pseudo pressure partial differential equation of radial flow was derived from the combination of continuity 

equation with Darcy’s law, the equation of state, compressibility equation, and dimensionless parameters. 

Then the derived partial differential equation is solved analytically in the Laplace domain. The obtained 

results of this work have important significance to understand the effects of different conditions  

on the transient pressure behavior of Non-Condensate gas reservoirs. 
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INTRODUCTION 

Simulation of fluid flow in porous media is an 

important aspect of many different fields of studies [1-3]. 

Engineers who deal with porous media must have adequate 

data about in-situ porous media (reservoir) conditions. 

Relative permeability (which is controlled by wettability), 

permeability, and porosity are some fundamental 

characteristic of porous media which in large scale  

for hydrocarbon reservoirs are determined by petroleum 

engineers with the aid of the well-test technique [4-8].  

The significance of the transient flow of a fluid is well-known 

and many techniques are available for estimating well  

 

 

 

pressure response in different well configurations, 

reservoir fluid, and reservoir geometry [9, 10]. Investigation 

of pressure response of reservoir with different fluids;  

such as dry gas [11], gas condensate reservoirs [12], and 

oil reservoir [11], as well as unusual well configuration 

such as horizontal well [13], and hydraulic fractured 

wells [14], are some example of tremendous studies  

in the well-test analysis. However, a fully penetrating well 

usually with a constant flow rate situated at the center of  

a cylindrical porous media is a typical model utilized to investigate 

the transition flow behavior of gas and oil wells [6, 15, 16].  
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However, well-test interpretations are subjected to error 

because of the different effects of well and external 

boundary conditions [17, 18]. For homogeneous 

underground oil reservoirs, the wellbore pressure 

transition behavior affected by the external boundary 

conditions for instances faults, constant pressure, 

and no flow has been considered and analyzed in several 

studies [19, 20]. Pascal and Pascal [1] modeled the flow 

behavior in porous materials and they considered a moving 

external boundary to simulate the unsteady-state flow 

regime of non-Newtonian (power-law) fluids. Acosta and 

Ambastha [19] general method analyzed the pressure 

transient behavior for a composite underground oil 

reservoir with a fractal region between the homogeneous 

circular regions. Corbett et al. [21] through considering 

vertical influx to reservoir presented a new pressure 

transition response model. Doublet and Blasingame [22] 

numerically analyzed the well test of reservoir influenced 

by a variable flow condition at the outer boundary.  

Modeling and analyzing various gaseous flow regimes 

through low permeability reservoirs because of the weakness 

of Darcy’s law in a realistic description of the flow regimes 

other than the viscous flow has been subjected to considerable 

studies [23, 24].  In these reservoirs, the diameter of the pore 

throat usually ranges from few nanometers to 1μm [25, 

26]. Recently, some studies even disclosed sub-nanometer 

pores inside the mentioned reservoirs [27, 28]. Extremely 

small pores resulted in very different transport 

mechanisms of fluid flows in unconventional reservoirs in 

comparison with conventional reservoirs [29]. Javadpour 

et al. [30] showed that gas flow in shale deviates from 

Fick’s and Darcy’s equation. Therefore, many researchers 

tried to describe the transfer of gas through low 

permeability porous media under various conditions. 

However, there is a lack of study in previous works  

in considering the slippage effect beside different 

boundary conditions. Hence, this study tries to complete 

previous studies by incorporating the developed models  

for flow in tight gas in pressure transient behavior studies. 

Gas flow studies coupled with slippage effects  

at the solid wall, initially addressed by Maxwell [31]. 

Klinkenberg formulation of gas slippage and permeability 

modification of porous media is one of the primary studies 

in gas slippage researches [31]. Generally, the gas slippage 

effect should be considered as the mean free path of a gas 

molecule is within four orders of magnitude of the pore-

throat radius (0.1<Knudsen number<1) [32]. Hence, the gas 

slippage effect increases in low-permeability reservoirs. 

In this study, a time-dependent variable condition 

(power-law and exponential) and constant condition 

(infinite-acting reservoir and constant pressure) at  

the external boundary is proposed. A semi-analytical solution 

is achieved for analyzing and interoperating dimensionless 

pseudo pressure and its derivative behavior in Non-Condensate 

gas reservoirs. The pressure responses of these  

work for different boundary conditions are compared  

with each other. The physical model of the reservoir is a single 

well centered in a circular underground Non-Condensate 

gas reservoir with four various external boundary 

conditions along with slippage, wellbore storage, and skin 

factor effect.  

 

THEORETICAL SECTION 

The continuity equation in a radial coordinate  

can be described as below [4], 

r dr r

( V )
q | q |

t


  
  


                                               (1) 

Where ρ, q, Φ, V, and t are density, flow rate, volume, 

porosity, and time, respectively.  The volume of  

the element in a radial coordinate is defined as, 

V 2 rhdr                                                                      (2) 

Where r, h, dr are radial distance, thickness, and 

element width. The radial flow rate is defined as, 

r r rq v A                                                                        (3) 

The cross-section area Ar=2πrh. By substituting cross-

section and flow rate in equation (1), the below equation  

is achieved, 

r dr rrv | rv | ( )

rdr t

   



                                            (4) 

The velocity in r direction based on Darcy’s law is 

[33], 

r,a

r

k p
v

r




 
                                                                    (5) 

Where ka and µ are apparent permeability and 

viscosity, respectively. The relation between gas slippage 

and absolute permeability is [30], 
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ak k B                                                                             (6) 

Where k∞ and B are absolute permeability and  

a coefficient of dependent to Knudsen number, respectively. 

The B can be related to Knudsen number (Kn) as,  

nB f (K ) 1                                                                     (7) 

Where f is a function dependent on the Knudsen 

number. The density of the gas is based on the equation of 

state and is calculated as [15], 

g

g

M p

RT z
                                                                      (8) 

Where M, R, T, and zg are gas molecular weight,  

the universal constant of gas, temperature, and deviation 

factor of gas, respectively. By substituting equations of (5), 

(6) and (8) in equation (4), 

r,

g g

k BM p p M p
r

RT z r RT z

r r t


   

            
 

                      (9) 

Simplifying equation (9) results in, 

g g

r,

p p p
(r ) ( )

z r z
k B

r r t



  

 


 
                                    (10) 

Gas pseudo pressure is defined as [17], 

0

p

gp

p
m 2 dp

z



                                                               (11) 

Or 

gz m p

2p u u

  


 
                                                              (12) 

The isothermal coefficient of gas compressibility and 

reservoir compressibility are, respectively,  

g

g T

g

z1 1
c ( )

p z p


 


                                                        (13) 

f

1
C

p



 

                                                                    (14) 

With the aims of chain role [34], 

g g

p p p
( ) ( )*

t z p z t

  
 

  
                                               (15) 

g

g
g g

zp p p
( ) c

z p z p z t

 
 

 

1 1
  

Simplifying equation (15), 

r, t

(r )
rk B c

r r t





   
 

                                                 (16) 

Separating different terms of equation (16) results in,  

r,
r, t

k B
k B c

r r tr




   
   

 

2

2
                                 (17) 

Dimensionless parameters are defined as follows, 

re f D
re t

D

w

r kt
, L x , t

L c
r

r
  

 2
                                  (18) 

As we consider the reservoir is axisymmetric, then it 

can be solved just in r direction, by this assumption and 

substituting dimensionless parameters,  

D D D

D D DD

m m m

r r B tr

  
 

 

2

2

1 1
                                             (19) 

Taking the Laplace transform of equation (19) 

D D
D

D DD

m m s
m

r r Br

 
  



2

2

1
0                                           (20) 

Through defining a new variable of 𝑤 = √𝑠/𝐵𝑟𝑒𝐷 , a 

new form of equation (20) became as follow,  

D D
D

s m s m s
m

B Bw w Bw

 
  



2

2
0                                     (21) 

More simplifying of equation (21) results in, 

D D
D

m m
w w w m

ww

 
  



2
2 2

2
0                                    (22) 

Generally, a solution in the form of modified Bessel 

function for equation (22) is [35], 

Dm c I (w) c k (w) 1 0 2 0                                                   (23) 
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Where I0, k0, c1, and c2 are zero-order modified Bessel 

function of the first kind, zero-order modified Bessel 

function of the second kind, first constant and second 

constant, respectively. To achieve c1 and c2 the boundary 

conditions should be applied. For the outer boundary,  

four different boundary condition is considered.  

1) Infinite reservoir (
( , )

0
D D D

D

m r t

r

 



),  

2) constant pressure reservoir ( , ) 0D eD Dm r t  ,  

3) exponential | (1 )

D

D

D

t

D

D r ext

D

m
r q e

r






  


 and  

4) power law | ( 1)(1 )
D

D

D r ext D D

D

m
r q H t t

r






   


.  

For the first boundary condition (BC1), when r→∞ 

then k0→0, I0→∞, hence to satisfy ( , ) 0D D Dm r t  , c1 

should be equal to zero for delamination of I0 effect,  

then for this boundary condition, the Eq. (23) reduces to, 

D 2 0m c k (w)                                                                 (24) 

For the second boundary condition (BC2), 

( , ) 0D eD Dm r t  then ( , ) 0D eD Dm r t  , by substituting  

this boundary condition the equation (23) becomes,  

eD eD
D 1 0 r 2 0 rm c I (w ) c k (w ) 0                                 (25) 

For the third outer boundary condition (BC3), 

D

D

D

t

D
D r ext

D

m
r | q ( e )

r







  


1  then 

eD

D

r

m
w |

w





 

D
ext

D

q ( )
s s


 

 

1

1
 , by substituting this boundary 

condition the equation (23) becomes, 

eD eD

D

r 1 eD 1 r

m s
w | c r I (w )

w B


 


                            (26) 

eD

D
2 eD 1 r ext

D

s 1
c r k (w ) q ( )

B s s 1


  

 
 

For outer boundary condition of 4 (BC4), 

| ( 1)(1 )
D

D

D r ext D D

D

m
r q H t t

r






   


 then for tD>1, 

1

1 ( 1)
| ( )

D

D

r ext

m
w q

w s s


 

  
  


, by substituting this 

boundary condition the equation (23) becomes 

eD eD

D

r 1 eD 1 r

m s
w | c r I (w )

w B


 


                               (27) 

eD2 eD 1 r ext 1

s 1 ( 1)
c r k (w ) q ( )

B s s
 

    

Four Equation of (24) to (27), all outer boundary 

condition been applied. Now the inner boundary condition 

should be applied. The inner boundary condition is 

1| 1
D

D

D r

D

m
r

r



 


, hence 

1

1
|

D

D

r

m
w

w s



 


, by 

substituting this boundary condition the Eq. (23) becomes 

D

r 1D

D

1 1 r 1

w

m s
w c I (w )

w B





 


                              (28) 

D2 1 r 1

s 1
c k (w )

B s
    

Then, by solving for any outer boundary condition 

along with the inner boundary condition, both c1 and c2  

are determined. The c1 and c2 parameter for different boundary 

condition in Equation (23) through solving pair of 

Equations of (28) and (24), (28) and (25), (28) and (26),  

(28), and (27) are listed in Table 1. 

Stehfest numerical Laplace inversion is used to 

calculate Eq. (23). 

   
N

ww D D i D i
D i

ln
r , t V r ,s

t
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1

2
                                 (29) 

Where the Vi can be calculated as follow, 
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2

21

2

2
1

2
2

(30) 

The wellbore storage (CD) and skin factor (Sk) effect  

in the Laplace space can be considered as follow [17], 

k
D

WDs

k
DD

S
m

sm
S

C s(m )
s





 1

                                           (31) 
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Table 1: c1 and c2 parameter for different boundary condition in Eq. (23). 

Boundary 
condition 

c1 c2 

1 0 2

1

1
c

s s / Bk ( s / B)


 

2 
0

0 1 1 0

( / )

/ *( ( / ) ( / ) ( / ) ( / )
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eD eD

k s B r

s s B I s B r k s B I s B k s B r




 

0

0 1 1 0

( / )

/ *( ( / ) ( / ) ( / ) ( / )

eD

eD eD

I s B r

s s B I s B r k s B I s B k s B r
 

3 
1 1

1 1 1 1

( / )(1 ) ( / )

/ (1 ) ( / ) ( / ) ( / ) ( / )

eD eD D ext

eD D eD eD

r k s B r s q k s B

s s B r s I s B k s B r I s B r k s B





  

  
   

1 1
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/ (1 ) ( / ) ( / ) ( / ) ( / )
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r I s B r s q I s B

sr s B s I s B k s B r I s B r k s B
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Fig. 1: Comparision of the numerical and semi-analytical 

solution. For CD=0, Sk=0, qext=0.9, D=10000, and reD=1000. 

 

RESULTS AND DISCUSSIONS 

To validate the semi-analytical solution, numerical 

solution through fully implicit finite difference 

discretizing of the partial differential equation of (19)  

has been obtained. All the equations were coded and 

solved in MATLAB 2017-b software. Comparison  

of pressure response and its derivative of the numerical  

and semi-analytical solutions showed a good agreement 

between the two approaches. For summarizing, the 

mentioned comparison only for time-dependent flow 

boundary condition (BC3), exponential boundary condition,  

is depicted in Fig. 1. Based on this comparison, one  

can conclude that the developed semi-analytical method  

is valid for the creation of type curves and consequently 

some interpretation. 

The effect of different outer Boundary Conditions 

(BC1, BC2, BC3, and BC4) on the pressure response of 

the reservoir is showed in Fig. 2. In BC1, an infinite-acting 

reservoir with a constant pressure derivative of 0.5 is obvious. 

In BC2, the outer boundary has a constant pressure; then  

it is expected that the pressure response when it arrives  

at the outer boundary would cause the derivative of 

pressure inclines to zero. In the BC3 and BC4 after an initial 

decrease, the pressure derivative will tend to increase.  

The pressure reaction of a reservoir for a single well 

with a constant production surface flow rate and variable 

flow at the external boundary (BC3) for different values of 

τD is shown in Fig. 3. This figure shows the result of the 

semi-analytical solution of equation (23) by applying BC3 

for τD=0 and τD=108. It is obvious that increasing the effect 

of flow (lower τD) causes an initial decrease in pressure 

derivative, then a constant increase. When τD tends to zero, 

the boundary condition becomes |
D

D

r

D

m
cte

r






. For high 

τD, reservoir act like a fractured reservoir which its 

characteristic is two straight parallel lines in dimensionless 

pressure versus dimensionless time [36-38]. When τD 

tends to infinite, the boundary condition becomes 

| 0
D

D

r

D

m

r






. 

The influence of α on the type curve of BC4 is shown 

in Fig. 4. It could be concluded that the pseudo-steady state 

flow regime is influenced by α value. It is noteworthy that 

as α tends to zero the effect of external boundary condition 
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Fig. 2: Effect of different outer boundary condition on the 

dimensionless pseudo pressure and its derivative curve. For all 

boundary conditions:  CD=3, Sk=1, for BC1, BC2, BC3: reD= 

1000, for BC2 and BC3: qext= 0.5, for BC3: D = 10000, for 

BC4:  = 0.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: Effect of D on the dimensionless pseudo pressure and 

its derivative type curve of the non-condensate gas reservoir 

with exponential flux boundary conditions. :  CD=3, Sk=1,  

reD= 1000, qext= 0.8. 

 

 

on the dimensionless pseudo pressure curve and its 

derivative becomes unimportant. In this condition,  

the reservoir acts like a finite reservoir with a closed 

boundary condition which can be detected by a united slope  

in pressure response and its derivative. When a reservoir  

is closed in all directions, the pressure response moves toward 

the reservoir boundary until it reaches the boundary. Then, 

the reservoir pressure decline enters the pseudo-steady 

state condition. In this situation, the reservoir pressure  

at any point decreases at a constant rate [39].      

Fig. 5 shows the effect of gas slippage on the type curve 

of the reservoir with exponential flux boundary conditions. 

It is obvious that it has no effect on the general form of 

type curve and it just causes a faster arrival of pressure 

response to the boundary. Then it can be concluded that  

in a Non-Condensate gas reservoir with Knudsen number 

larger than 0.1, slippage will cause a sooner observation  

of boundary effect.   

A time-dependent flux at the external boundary for 

BC1 or BC2 in the Non-Condensate gas reservoir shows 

that the period of flow regime dominated by the external 

boundary flow is different considerably from a Non-

Condensate gas reservoir with zero flux at the external 

boundary.  

Finally, the flow regimes can be categorized into  

the following steps, 

Step 1: The early effects of wellbore storage, also 

known as after flow or after production, which  

is distinguished by unit slop line in a log-log plot of both  

the pseudo-pressure and derivative pseudo-pressure versus 

dimensionless time. In the condition that wellbore storage  

is significant, it must be considered to avoid 

misinterpretation of results.   

Step 2: The transition behavior from wellbore storage 

to the radial regimes of the reservoir. The pseudo-pressure 

derivative curves versus dimensionless time in a log-log 

plot in this period are similar to hump. The Sk and hump 

height has a direct relationship. There are different ways to 

determine wellbore improvement or damage. For this 

purpose, the pressure response can be used. An improved 

well shows a trough, a negative skin factor, while damaged 

wells show hump, a positive skin factor.    

Step 3: Radial flow period of the reservoir, which  

is distinguished by a horizontal straight line with the value of 

0.5 for the dimensionless pseudo pressure derivative curve 

versus dimensionless time in a log-log plot. This flow 

period can only be distinguished when the radial flow 

regime is much larger than the effect of skin factor and 

wellbore storage. 

Step 4: The transition flow between external boundary 

conditions and radial flow periods of the reservoir.  

The boundary effect (qext, α, τD, mD(reD,0)) will control  

the behavior of this region. For BC1, because of the infinity 

of the reservoir, this step is not to be seen. For BC2,  

a constant decrease in on dimensionless pseudo pressure 

derivative curve versus dimensionless time in a log-log  
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Fig. 4: Effect of  on the dimensionless pseudo pressure and its 

derivative type curve of the non-condensate gas reservoir with 

power-law flux boundary conditions. CD=3, Sk=1, reD= 1000, 

and qext= 0.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 5: Effect of gas slippage on the dimensionless pseudo 

pressure and its derivative type curve on the non-condensate 

gas reservoir with exponential flux boundary conditions. CD=3, 

Sk=1, reD= 1000, D = 1e+0.8 and qext= 0.8. 

 

the plot is observable. This transient region for BC3 is 

dependent on the combination of parameters. There may 

be a trough on dimensionless pseudo pressure derivative 

curve versus dimensionless time or two parallel lines like 

a naturally fractured reservoir on both dimensionless 

pseudo pressure and dimensionless pseudo pressure 

derivative curve versus dimensionless time in a log-log 

plot. For BC4 a trough for low values of α on 

dimensionless pseudo pressure derivative curve versus 

dimensionless time in a log-log plot can be seen. 

Step 5: the steady-state flow period for BC2  

and the pseudo-steady state flow period in BC3 and BC4.  

 

CONCLUSIONS 

In this study, a semi-analytical solution for a Non-

Condensate gas reservoir with a single well producing  

at a constant flow rate with four different boundary conditions 

along with gas slippage effect, wellbore storage effect, and 

skin factor has been derived. External boundary conditions 

considered as an infinite reservoir, constant pressure, 

exponential variable flux, and power-law variable flux. 

For the solution of finial derived equation, the numerical 

Laplace transform has been utilized and the results been 

compared with the finite difference numerical solution  

of the partial differential equation of modeled reservoir  

to verify the semi-analytical solution. Models exhibit  

in general, six flow regimes: wellbore storage effect, skin 

effect, first transition flow period, radial flow period, 

second transition flow period, and boundary controlled 

flow period. The studied models may help to a better 

understanding and appreciating the conventional well: 

Testing analysis for a single well Non-Condensate gas 

reservoir with external boundary conditions.  

 

Nomenclature  

ρ                                                                      Density, kg/m3 

Φ                                                                                          Porosity 

V                                          The volume of the element, m3 

t                                                                                Time, s 

q                                                                           Flow, m3/s 

Ar                                                The cross-section area, m2 

ka                                                          Apparent permeability 

k∞                                                          Absolute permeability 

µ                                                                              Viscosity 

B                           The coefficient of dependent to Knudsen 

f                      A function dependent on the Knudsen number 

Kn                                                                 Knudsen number 

M                                                        Gas molecular weight 

R                                              Universal constant of the gas 

T                                                                          Temperature 

zg                                                      Deviation factor of gas 

m                                                           Gas pseudo pressure 

Vi                                            Variable of Laplace inversion 

CD                                                                Wellbore storage 

Sk                                                                          Skin factor 

tD                                                            Dimensionless time 

mD                                          Dimensionless pseudo pressure 

rD                                                           Dimensionless radius 
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r                                                                            Radius, m 

m                        Pseudo pressure (defined in Equation (11)) 

P                                                                    Pressure, N/m2 

K                                                                 Permeability, m2 

h                                                                            Thickness 

dr                                                                    Element width 
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