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ABSTRACT: Fluid mixing is a crucial and challenging process for microfluidic systems, which  

are widely used in biochemical processes. Because of their fast performance, active micromixers 

that use stirrer blades are considered for biological applications. In the present study, by using a robust 

and convenient Incompressible Smoothed Particle Hydrodynamics (ISPH) method, miscible mixing 

within a two-blade micromixer is investigated. The problem discussed herein is represented by  

an active micromixer comprising two stir-bars that rotate to mix the fluids. Because of its Lagrangian 

nature, Smoothed Particle Hydrodynamics is an appropriate and convenient method for simulating 

moving boundary problems and tracking the particles in the mixing process. Previous investigations 

have been carried out for mixing flow for a low Schmidt number. However, a low Schmidt number  

is barely applicable for liquid mixing. Hence, in the present study, the Schmidt number is considered 

to be Sc=1000. The present results show that the two-blade micro-channel mixer considerably 

improves the mixing rate in comparison with the one-blade micro-channel mixer. 
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INTRODUCTION 

Mixing, as a transport phenomenon, is usually carried 

out to reduce inhomogeneity in species, temperature,  

and phases. Fluid mixing is one of the most important 

phenomena in the chemical and medical industries [1]. 

Lab-on-a-chip technology has been used in a wide range 

of processes such as organic synthesis, enzyme assay, 

protein folding, biological screening, analytical assay, 

cell analysis, bioprocess optimization, clinical 

diagnostics, drug delivery studies, nanoparticle 

crystallization, extraction, and polymerization [2]. These 

processes are generally implemented with a microscale 

mixer. Depending on whether an external energy source  

 

 

is applied, micromixers can be classified as passive or 

active mixers [1–3]. Passive micromixers are completely 

based on pumping energy. In contrast to passive 

micromixers, active micromixers use external energy 

sources to improve mixing. These external energy 

sources include induced-charge electrokinetic flow 

ultrasound, acoustic, bubble-induced vibrations, 

electrokinetic instabilities, the periodic variation of flow 

rate, the electrowetting-induced merging of droplets, 

piezoelectric vibrating membranes, magneto-

hydrodynamic action, small impellers, and integrated 

microvalves/pumps, among others [1]. 
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In the present study, a full Lagrangian approach  

is applied to investigate a two-stirrer micromixer. Recently, 

full Lagrangian approaches have been used to model 

mixing phenomena [4–6]; these methods are based on 

particle methods. Among particle methods, Smoothed 

Particle Hydrodynamics (SPH) is one of the first 

approaches which have been used to simulate mixing 

phenomena; Robinson et al. [5] modeled a twin cam 

mixer by using SPH. Shamsoddini et al. [6] simulated 

micromixing phenomena within a cylindrical paddle 

mixer by using a modified SPH scheme. 

No modeling is needed for convective terms for SPH 

modeling; convective terms are satisfied directly by the 

motion of the particles. Each particle in the mixing flow 

can also be directly tracked. The SPH method was first 

proposed for astrophysical applications by Gingold & 

Monaghan [7] and Lucy [8]. Since then, it has been 

extended to model a wide range of engineering 

applications such as fluid flows and transport phenomena. 

For SPH, two approaches are generally used to specify 

the pressure field. The first of these, known as Weakly 

Compressible SPH (WCSPH), uses an appropriate 

equation of state to relate pressure variations to density 

variations. The second, Incompressible SPH (ISPH) 

solves the Poisson pressure equation to detect the 

pressure. The SPH is also a suitable method for moving 

boundary and Fluid-Structure Interaction (FSI) problems 

because of its Lagrangian nature. It has been widely used 

to simulate FSI problems [9–12], two-phase flow 

immiscible [13, 14], and miscible flows [15]. 

Stir-bar micromixers are applicable in biological 

laboratory-on-a-chip applications [16]. These have been 

widely investigated experimentally and numerically;  

Lu et al. [16] presented an active mixer employing micro-

magnetic rotating bar stirrers and arrays for microscale 

fluid mixing in biological laboratory-on-a-chip applications. 

They found that mixing efficiency can be enhanced by 

increasing the stirring speed. Ryu et al. [17] presented the 

design and fabrication of a micro stir-bar in surface-

micromachined Parylene housings and channels. 

This type of active micromixer has also been widely 

investigated numerically [18–22], with studies examining 

mixing flow for a low Schmidt number. However, a low 

Schmidt number is barely applicable for liquid mixing. 

Hence, in the present study, the Schmidt number is 

considered to be Sc=1000. For high Schmidt numbers, 

mass diffusion is very slow in comparison with the 

advection transport. Therefore, low-velocity flows are 

more efficient. For micro scales, the viscous effects are 

dominant. Thus, the chaotic mixing downstream of each 

stirrer blade is immediately damped. Hence, increasing 

the number of stirrers could help achieve fast and proper 

mixing. Although a mixer with two rotating blades has 

been investigated for circular chambers [23], a mixer with 

two blades in a channel has not. Therefore, in the present 

study, the mixing performance of a two-blade micromixer 

is investigated and the effects of the stirrer size and 

angular velocity on the mixing rate are discussed. 

In the following, the formulation and numerical 

procedure are first discussed and then the results and 

discussion are presented. 

 
NUMERICAL PROCEDURE 

The SPH formulation is based on an integral form; 

each continuously defined function f  over an interest 

domain Ω can be expressed as 

   f ( ) f W ,h d ,


  r r r r r                                         (1) 

Where r  and r are respectively the position vector 

and sub integral variable, W  is the kernel function and 

h is the smoothing length. This equation is approximated 

by a numerical summation on the discrete points in the 

domain Ω: 

 j j j
j

f ( ) f W ,h ,  r r r                                              (2) 

Where 
j is the volume of the jth particle. In the 

present study, the fifth-order Wendland kernel is used [24]. 

The use of this kernel function improves the accuracy of 

fluid flow modeling [25].
 

 

4

0

r r r
1 4 1 0 1

h h hW r,h W ,
r

0 1
h

    
            




        (3) 

Where W0 is 7/h2 for two-dimensional cases.  

The gradient, divergence, and Laplacian operator for 

an arbitrary scalar function f or tensor function F are, 

respectively: 
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 j j i i i ji
j

f f f . W ,     B                                       (4) 

   .
j j i i i ji

j

. . W ,    F F F B                               (5) 

 i j2
i j i j i i j

j i j

f f
f 2 . . W ,

r


     e B                             (6) 

j i2
i j i j i j i j i

j i j

f f
f : 2 W . f ,

r

 
       
 
 

i
B e e           (7) 

Where eij is the unit vector in the inter-particle 

direction (from j to i) and B is a corrective tensor for 

kernel gradients, which has been applied before and 

examined by Bonet and Lok [26]: 

1

i j i j i j
j

W ,


 

    
 
B r                                                (8) 

and 
iB is a renormalization tensor as offered by 

Fatehi and Manzari [27], which is calculated by using the 

following set of equations: 

j i j i j i j i j j i j i j i j
j j

: W W
  

        
  
 i

B r e e e e                  (9) 

i j i j i j i j
j

. W
 

    
 

B r r I   

Eq. (7) is introduced and applied by Fatehi and 

Manzari [27]. In the present study, both Eq. (6) and Eq. (7) 

are used: Eq. (6) for the pressure Laplacian discretization 

and Eq. (7) for the diffusion terms in the transport 

equations. 

The governing equations are respectively the mass, 

momentum, and concentration transport equations: 

.V 0,                                                                         (10) 

  
d p

. ,
dt


    



V
V g                                        (11) 

2dC
C

dt
                                                                  (12) 

Where   , V , p , and C are respectively the 

fluid’s density, viscosity, velocity, pressure, mass 

diffusivity, and concentration. 

The SPH discretization of the momentum equation 

will be 

 
n 1 n n

i i

i
i

p
. .

t

   
     
  
 

V V
g V                (13) 

Hence, the velocity can be defined as 

n 1
n 1 *,n 1

i i

i

p
t ,


  
 


V V                                      (14) 

Where *,n 1
i


V   is the intermediate velocity due to the 

buoyancy and viscous terms of the fluid particle 

acceleration: 

*,n 1 n
i i

  V V                                                                (15) 

j i

i

n n
n

j i j i j i j i j i j
j i j
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   

  

i

V V
g B e e V   

For the incompressible flow (using Eq. (10)), 

applying the divergence operator in Eq. (14) leads  

to the pressure Poisson equation: 

*,n 1
n 1 i

i

.1
. p

t


  

   
  

V
                                            (16) 

To solve the above equation, another system of 

equations is needed. This is solved explicitly by using  

a method similar to the Gauss-Seidel method; the iterative 

SPH discretization of the above equation will be 

 
k 1

n 1
i

P


                                                                    (17) 
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 



e B V V B

e B

Where k is the iteration number. The iteration is continued 

until the variations 1n

iP   become very small.  

In the corrector step, the velocity is corrected by using 

the pressure force acceleration: 

n 1

n 1 *,n 1
i i

i

p
t.



  
  


V V                                        (18) 

Finally, the particle position is rearranged by 
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n 1 n n 1
i i i

t.   r r V                                                       (19) 

After the fluid flow determination, the mass transport 

equation (concentration) is solved as follows: 

n 1 n
i i
  C C                                                                 (20) 

j i

i

n n

n

j i j i j i j
j i j

C C
: 2 e W e . C t

r

  
      
   

  

i
B  

The boundary conditions that dominate the wall 

boundaries are the no-slip condition for the velocity and 

the Neumann boundary conditions for the pressure and 

mass diffusion. Two layers of dummy particles are 

arranged close to each wall boundary, similar to those 

particles defined by Lee et al. [28]. These particles have 

the same velocity as their corresponding wall particles. 

The dummy particles also have the same pressure and 

concentration as the wall in the normal direction to satisfy 

the Neumann boundary condition.  

For the moving boundary condition, the pressure 

boundary condition is achieved as follows: 

2
w w w w

p
.n a.n V.n g.n

 
   

 
                          (21) 

Where a is the acceleration and nw is the normal 

vector of the surface. If the body is fixed or moves with 

constant velocity or the normal vector of the surface is 

perpendicular to the acceleration vector (such as narrow 

blade rotation with constant angular velocity), this equation  

is simplified to the following form: 

w

p
0

n

 
   

                                                                   (22) 

The periodic boundary condition is defined for  

the flow boundaries. For the periodic boundary condition, 

each particle that exits the outlet is copied at the same 

position in the section at the inlet. To create a fluid flow 

in the channel, the body acceleration gx can be imposed 

on the fluid particles. This axial acceleration generates a 

flow that is the same as the case when xp g L   

is applied on the ends of the channels [12]. For the 

present periodic boundary condition, particles’ velocities 

are renormalized to the parabolic velocity profile for the 

inlet sections, in line with Sefid et al. [12]. Because of the 

presence of the bluff body, the particle velocity  

is renormalized according to the parabolic velocity profile: 

2

i
i ave

y3
u U 1

2 H / 2

  
      

                                           (23) 

Where yi is the distance from the center line, H is  

the channel width, and Uave is the average velocity.  

The average velocity for this renormalization is calculated 

by averaging the particles’ velocities at the outlet section. 

To calculate Uave, the summation of the velocity of all  

the particles between L-h and L is divided by the number 

of these particles. 

Defects, tensile instability, and particle clustering are 

complications and unfavorable phenomena in the SPH 

simulations. To avoid these, a shifting algorithm – similar 

to the particle shifting approach of Xu et al. [29] – is 

defined in the present study. The direction and amount of 

shifting are determined from the arrangement of 

neighboring particles, with r defined as the shifting 

particle vector calculated by 

i i
r r                                                                         (24) 

Where   can vary between 0 and 0.1 and 
i

r   is equal to 

i j i j i j
j

r r W                                                                (25) 

If the particles are homogeneously distributed around 

particle i, then 
i

r will be zero. Otherwise, this vector 

shows that the distribution of neighboring particles 

around particle i is not balanced. Then, the particle is 

slightly shifted by r. Ultimately, it is necessary to 

modify the flow field variables in the new position. 

According to the first-order Taylor series expansion, 

these modifications are  

i i i
V r . V                                                             (26) 

i i i

i

p
p r .


  


                                                      (27) 

i i i
C r . C                                                             (28) 

For the present algorithm, the time step (t = tn+1-tn)  

is calculated from the equation: 
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Fig. 1: Scheme of the two-stirrer micromixer. 

 

2 2
min min min min

t
max

d t min , , ,
V g

    
   

   

                 (29) 

Where t is a constant coefficient that can be between 

0 and 1, min is the minimum distance between two 

neighboring particles, and Vmax is the maximum velocity 

of the particles. All numerical simulations were 

performed on an Intel System Core i5- 3450 CPU @ 3.10 

GHz (4 GB RAM). 

 

RESULTS AND DISCUSSION 

The problem discussed herein is represented by an 

active micromixer comprising two stir-bars that rotate to 

mix the fluids. The scheme of the micromixer is shown in 

Fig. 1.
 

Some experimentally observed mixing phenomena 

can be produced by using 2D modeling in the 

microchannel mixer [30, 31]. Hence, a two-dimensional 

model is considered for the present simulations. The 

length of the channel, stir-bar, distance between the inlet 

and position of the first stirrer, distance between the 

stirrers, and width of the channel are specified by l, D, l0, 

l1, and L, respectively, where L=0.00075 m and l=10 L. 

The inlet fluids have the same density and viscosity but 

different concentrations, termed C0 and C1. The blades 

can rotate in the same or opposite directions. For the 

present study, a high Schmidt number (Sc=1000) is 

considered and the effects of the stirrer frequency and size 

on the mixing flow for a two-stirrer micromixer are investigated.  

For the SPH simulations, the solution parameters are h=2.7 

(where is the initial particle spaceandt=0.5. 

One of the major complications of the present 

simulations is arranging the dummy particles for the 

blade regions. The smoothing length and number of 

dummy rows are adjusted precisely; the dummy particles 

defined for one side of the blade cannot be placed in the 

kernel radius of the particles on the other side of the 

blade. In the present simulation, two rows of dummy 

particles are considered for each wall boundary.  

To investigate the mixing behavior, a dimensional analysis 

is performed and the obtained non-dimensional groups 

are shown in Table 1. In this table, 1 to4 are geometrical 

non-dimensional groups. Except , the geometrical 

non-dimensional groups are assumed to be constant.  

N is the number of stirrer blades and n is the number of 

rotation cycles. 

Before applying the present code to a typical problem, 

it is validated by using a similar study. To validate the 

present algorithm, the mixing fluid due to the vertical 

oscillation of a confined circular cylinder in a channel is 

examined. The scheme of the problem involving 

geometry and dimensions is shown in Fig. 2. This 

problem has been solved by Celik and Beskok [32]. 

Hence, the results of the present algorithm are validated 

by their results for the case Sc=PeD/ReD=1.0, ReD=100, 

and ff/f0=1.0, where f0 is the natural frequency of the 

vortex shedding and ff is the forced frequency of the 

cylinder oscillation. 

The result of the present simulation for the mixing 

index in comparison with Celik and Beskok’s [32] results 

is shown in Fig. 3. The mixing index is defined as 

follows: 
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Table 1: Non-dimensional groups for the investigation of a two-stirrer micromixer. 

number Non- dimensional Groups Value 

1

 

L/D variable 

2

 

l / L 10 

3

 

l0 /L 2 

4  l1 /L 1.975 

5

 

D0/U variable 

6

 

Re=(UL/v)  variable 

7

 

Sc=(v/) 1000 

8  Dt

 

variable 

9  n variable 

10  N variable 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2: Scheme and dimensions considered for the investigation of fluid mixing due to the vertical oscillation  

of a confined circular cylinder in a channel. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: Variations in the mixing index along the channel for 

the present simulation in comparison with Celik and Beskok’s 

[32] results. 

p
2N

i mean
I

i 1p mean

C C1
D

N C

 
   

 
                                        (30) 

Where Np is the number of sample particles in a cross-

section of the channel, Cmean is the mean concentration  

at the inlet, and Ci is the local concentration in the same 

section indicated by the concentration of the i-th  

particle. In Figure 3, the effect of the particle space on 

accuracy is also shown; as the particle space decreases 

(i.e. an increasing particle number), accuracy increases. 

The results show that /L=0.025 is an adequate and 

accurate particle space for the SPH calculation of the 

present simulations. The contour concentration, vorticity, 

and pressure distribution are shown in Fig. 4. 
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Fig. 4: Contours of the concentration (A), vorticity (B), and 

(C) pressure distribution for the present SPH simulation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5: Contours of the concentration distribution for the case 

of L/D=1.6, Re=1.25, DU=15.8, for two distinct rotation 

situations, and 

The standard SPH method (WCSPH) suffers from 

non-physical fluctuations, especially in the pressure field [28]. 

However, the ISPH method applied in the present study 

can properly remove these non-physical fluctuations.  

As shown in Fig. 4C, the pressure field is smooth and 

there are no non-physical fluctuations. 

As shown in Fig. 4, for a high Reynolds number and 

low Schmidt number, vortex shedding plays an important 

role in increasing the mixing rate. However, vortex 

shedding may be ineffective with high Schmidt numbers. 

For micromixers, low Reynolds numbers are more 

applicable, especially for high Schmidt numbers. 

However, as mentioned before, previous numerical studies 

have been carried out for a low Schmidt number [18–22]. 

In the present study, therefore, the flow and mixing 

behaviors for a high Schmidt number are considered and 

discussed. 

For the first investigation, the mixing flow for the 

case of L/D=1.6, Re=1.25, D0U=15.8, for two distinct 

rotation situations, 0/1 = 1 and0/1 = -1, is considered 

and investigated. The contours of the concentration 

distribution for these cases are shown in Fig. 5. 

As indicated in Fig. 5, near the blade sweep region 

(especially the second blade), there is a well-mixed fluid. 

Mixing strongly occurs in the regions where the bands 

are formed and stretched. However, the region of well-mixed 

fluid does not expand further vertically outside the blade 

sweep region; the particles outside the blade sweep 

region remain largely unmixed. 

Usually, the mixing pattern has a significant effect on 

the performance of mixers [33]. In Fig. 6, the mainstream 

and the streams created around the blades are  

shown separately. While the stirrer rotates, a part  

of the fluid is engaged with the stirrer and the remaining 

flow is forced to move downward. For the remaining 

flow, this process is repeated; a part of the fluid  

is engaged with the second blade stirrer and the 

remaining flow is forced to the down or up of the wall  

of the channel, according to the direction of the rotation 

of the blade. When the second stirrer rotates in the 

opposite direction of the first blade, a part of the unmixed 

region is shifted toward the other wall of the channel. 

This division in the flow increases the contact area 

between the unmixed and well-mixed regions. Hence,  

the mixing rate increases for the case of 0/1 = 1  

in comparison with the case of 0/1 =1. 
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Fig. 6: Stream lines for the case of two upper 

figures) and case of two lower figures). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7: Contours of the concentration for the case of Re=1.25, 

L/D=1.176, DU=15.8 and =1 (upper figure) and 

 1 (lower figure). 

Those parts of the fluid engaged with the stirrer 

blades separate gradually. The blade rotation creates 

regular bands in the flow field. These crescent-shaped 

bands increase the contact area between the fluids. 

Basically, fluid mixing is a process that involves the 

reduction of length scales by stretching and folding the 

material lines or surfaces [34]. Compression, expansion, and 

blade motions lead to stretching and folding the fluid 

streams, which helps enhance the mixing rate. 

The unmixed regions are observed near the channel 

walls along the channel. It seems that the stirrer length 

should be increased to create full channel-width mixing. 

Hence, L/D decreases to L/D=1.176, while the other non-

dimensional groups remain unchanged. Fig. 7 shows the 

concentration distributions in the channel with two stirrer 

blades for the case of Re=1.25, L/D=1.176, DU=15.8 

for both the same direction rotation (0/1 = 1) and 

opposite direction rotation (0/1 = 1). As shown,  

the unmixed regions for the new cases (L/D=1.176) have 

become thinner than those for the previous cases (L/D=1.6), 

and proper mixing (DI < 0.2) occurs at the outlet section. 

In Table 2, the results of the present study of  

the mixing index for the 18 different cases is shown. The 

results show that the mixing index of the cases with N=2, in 

comparison with N=1, decreases considerably. It is also 

indicated that the cases with the same rotation direction 

(=1) are as efficient as those with the opposite 

direction rotation (=1) for the case of L/D=1.176. 

The results also confirm that proper mixing (DI < 0.2) 

only occurs in the case with two stirrer blades and 

DU>11.95. 

The investigations show that increasing the angular 

velocity leads to faster mixing. However, increasing the 

angular velocity of the blades for the micro scales is 

limited [1]. The results also indicate that increasing 

the angular velocity by more than a certain value does not 

lead to a higher mixing rate. Fig. 8 shows the variation in the 

mixing index compared with the number of rotations of the 

blade (cycle), for the different cases according to the 

rotation speed. As shown in this figure, increasing the 

non-dimensional parameter D0/U from 15.8 to 21 not 

only does not lead to mixing improvement but also 

decreases mixing for the same direction rotation case 

(=1). It can be concluded that there are limitations 

when increasing the angular velocity of the blades to 

improve mixing. 
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Table 2: Mixing index at the outlet section for the 18 different cases for Re=1.25 and Sc=1000. 

case N L/D 0/1 D0/U DI 

1 1 1.176 - 3.98 0.738 

2 1 1.176 - 7.96 0.536 

3 1 1.176 - 11.95 0.379 

4 1 1.176 - 15.8 0.26 

5 2 1.6 +1 11.95 0.623 

6 2 1.6 1 11.95 0.611 

7 2 1.6 +1 15.8 0.613 

8 2 1.6 1 15.8 0.524 

9 2 1.176 +1 3.98 0.549 

10 2 1.176 1 3.98 0.555 

11 2 1.176 +1 7.96 0.45 

12 2 1.176 1 7.96 0.515 

13 2 1.176 +1 11.95 0.228 

14 2 1.176 1 11.95 0.219 

15 2 1.176 +1 15.8 0.156 

16 2 1.176 1 15.8 0.168 

17 2 1.176 +1 21 0.162 

18 2 1.176 1 21 0.152 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8: Variations in the mixing index with the number of rotations of the blades (top) and time (bottom)  

for cases #4 & #15 to #18 in Table 2. 
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CONCLUSIONS 

In the present study, by using a robust SPH method, 

mixing flow in a micro-channel equipped with two stirrer 

blades was investigated. The blades could rotate in the 

same or in the opposite direction. A dimensional analysis was 

performed and non-dimensional groups were derived. 

Eighteen different cases simulated numerically were 

investigated. The main results are as follows. 

The mixing rate depends on the length and number of 

blades. By increasing the blade length from L/D=1.6 to 

L/D=1.176, the mixing index decreases by more than 

45%. The results also show that the rotation of the blades 

in the opposite direction of each other (0/1) 

improves the mixing rate, especially for smaller blades. 

The mixing rate is boosted by increasing the angular 

velocity of the blades. In the same conditions, the two-

blade micromixer improves the mixing rate considerably 

in comparison with the one-blade micromixer (by at least 

38%). Among the 18 cases examined, proper mixing only 

occurs for four cases: N=2, Re=1.25, Sc=1000, 

L/D=1.176, and D0U>11.95 (case #15 to case #18).  

It is also concluded that there is a limitation when 

increasing the angular velocity of the blades to improve 

mixing. 
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