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ABSTRACT: This study aims to estimate the solute transport parameters in saturated porous media 

using a hybrid algorithm. In this study, the Physical Non-Equilibrium (PNE) model was used  

to describe the transport of solutes in porous media. A numerical solution for the PNE model is obtained 

using the Finite Volume Method (FVM) based on the Ttri-Diagonal Matrix Algorithm (TDMA). The 

developed program, written in Matlab, is capable to solve the advection-dispersion (ADE) and the PNE 

equations for the mobile -immobile (MIM)model with linear sorption isotherm. The Solute transport 

parameters, (immobile water content, mass transfer coefficient, and dispersion coefficient), are estimated 

using different algorithms such as the Levenberg-Marquardt algorithm (LM), genetic algorithm (GA), 

simulated annealing algorithm (SA). To overcome the limitations of deterministic optimization models 

which are rather unstable and divergent around a local minimum, a hybrid algorithm (GA+LM, SA+LM) 

permits to estimate of the solute transport parameters. Numerical solutions are verified using the experiments 

conducted by Semra (2003) which are about the transport of toluene through a column composed of 

impregnated Chromosorb grains at ambient temperature (20 °C) for three flow rates (1, 2 and 5ml/min). 

The results show that the hybrid algorithm (GA+LM, SA+LM) is more accurate than others (GA, SA, and 

LM). Comparing to the ADE model, The PNE with linear isotherm model gives a better description to the 

BeakThrough Curves (BTCs) with higher values of determination coefficient (R2) and lower values of Root 

Mean Square Error (RMSE). Also, the solute transport parameters tended to vary with the flow rate. 
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INTRODUCTION 

Prediction of the transport of solute in porous media is 

important to evaluate contamination in soils and aquifers. 

The advection-dispersion equation (ADE) is often used  

 

 

 

to describe the solute transport in soils undersaturated  

and unsaturated conditions. Dispersion coefficient, one  

of the parameters of ADE, is a measure of dispersive properties  
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of soil. In the literature, several models are proposed  

for prediction of dispersion coefficient. In one dimension, 

the dispersion coefficient is defined mathematically as  

a linear function of the water velocity and a constant which 

corresponds to the longitudinal dispersivity [30].  

At column scale, dispersivity between 0.01 and 1.0 cm 

Zheng and Bennett [30], Perkins and Johnston [19] found 

an empirical relation to calculate the dispersivity according 

to the particle diameter. Another empirical relation is also 

given by Zheng and Bennett [30] to calculate  

the dispersivity according to the length of the column. 

The physical non equilibrium (PNE) model is often 

used to calibrate the experimental results by optimization 

of model parameters. The model divides the pore space 

into “mobile” and “immobile” flow regions with first-

order mass transfer between these two regions.  

Application of the PNE model requires the estimation 

of three parameters. (θim), the immobile water content, (α), 

the mass transfer coefficient between mobile and 

immobile water region, and the dispersion coefficient  

in mobile water or (Dm). For most applications, these three 

parameters are difficult to estimate. It is suitable to obtain 

such parameters based on experimental methodologies. 

Consequently, these parameters must be optimized using 

inverse methods to the solute concentrations in the column 

outflow vs. time [21]. Inverse methods applied to solute 

breakthrough curves are typically used to estimate the 

parameter values [28].  

A common way of estimating the mobile and immobile 

water content is to use the curve fitting of tracer 

breakthrough results [22], based on the following mass 

balance equation: 

m m im im
 C Θ C  +  Θ C                                                  (1) 

When α is small enough to assume the concentration  

in immobile water (Cim) negligible and C0 is the input 

concentration at certain infiltration time t, an approximate 

equation is obtained  im 0
Θ Θ 1  - C C . Applications  

of this method can be found in Clothier et al. [3], and 

Jaynes et al. [8]. Assuming that the concentration in the 

mobile water (Cm) equals the input concentration C0, 

Jaynes et al. [8] used the following formula: 

Ln(1-C/C0)=at+b                                                            (2) 

Where 
im

a /    and 
im

b ln ( / )   .
 

m
  and 

im


 
can be evaluated by plotting ln(1-C/C0) 

versus elapsed time. However, the assumption of 
m 0

C C  

associated with this method is debatable and  

may not be correct as long as >0, Slightly different from 

the approach of Jaynes et al. [8] and Clothier et al. [3], 

Goltz and Roberts [7] estimated the fraction of mobile water 

as the ratio of velocity calculated from hydraulic conductivity 

to the velocity measured from tracer experiment. Several 

examples are available on various parameters estimation 

associated with the mobile immobile approach. For 

unsaturated glass beads with diameters in the 

neighborhood of 100 µm, De Smedt and Wierenga [5] 

found 
m

=  0 .Θ 853  Θ . For dispersion coefficient in mobile 

water, three models for dispersion coefficient were 

presented by Sharma et al. [25], the Mobile-Immobile 

model for constant dispersion (MIMC), linear distance 

dependent dispersion (MIML), and exponential distance 

dependent dispersion (MIME). The comparison of these 

models shows that the MIM model with constant and 

exponential distance-dependent dispersion can be used for 

simulation of the breakthrough curves.   

To date, different global optimization techniques have 

been reported for the solute transport modeling, including 

a variety of stochastic global optimization methods [17]. 

As example, the genetic algorithm (GA), simulated 

annealing (SA), tabu search (TS), bees algorithm (BA) and 

successive equimarginal approach (SEA) have been 

reported as promising optimization methods [12, 17] and 

can be used for solute transport calculations. In particular, 

Giacobbo et al. [6] studied the transport of contaminants 

through a three-layered monodimensional saturated 

medium by a numerical solution of advection dispersion 

equation and apply GA to evaluate the hydrodynamic 

dispersion coefficient and the fluid velocity. Their results 

indicate that the method is capable to estimate the 

parameters values with accuracy.  

It is convenient to remark that the stochastic global 

optimization methods show disadvantages depending  

on the optimization problem under analysis, which could 

include a low convergence performance especially for 

multivariable problems. 

In the present paper, we propose a combination of a 

stochastic global optimization method GA or SA with 

Levenberg-Marquardt algorithm (LM), used to improve 

the results of GA or SA methods. The motivation of using
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such a method is to avoid stopping on a local minimum 

obtained by the GA or SA methods. 

 

THEORETICAL 

Problem formulation 

The transport of a solute in a porous medium (soil)  

with mobile and immobile regions of soil water is governed 

by the following equations [10]: 

m im m im

m im

S S C C

t t t t

   
       

   
                     (3)             

2

m m

m m m m 2

C C
u D

x x

 
   

 

 

 
im im

im m im

C S
C C

t t

 
     

 
                              (4) 

Where um is the pore-water velocity in the mobile water 

[L/T], Cm, Cim the solute concentration in the mobile and 

immobile water respectively [M/L3], Sm, Sim the solid phase 

concentration of solute from either the mobile and 

immobile region per mass of dry soil respectively [M/M], 

Dm the dispersion coefficient in the mobile water [L2/T],  

the dry soil bulk density [M/L3], α the mass transfer 

coefficient between mobile and immobile region[1/T], 


m

and
im

 the mobile and immobile water contents 

[L3/L3], x the direction, and t the time [T]. 

The linear sorption isotherm assumes that the sorbed 

concentrations Sm, Sim for mobile and immobile regions  

are directly proportional to the dissolved concentration Cm, 

Cim: 

m d m
S K C                                                                   (5a) 

im d im
S K C                                                                 (5b) 

With Kd a “distribution” constant expressed as volume 

of aqueous phase per mass of dry soil [L3/M]. 

In such a case, the equation (3) can be written as:   

d dm im im

m m m

K KC C
1

t t

      
      

       

                      (6) 

2

m m

m m2

C C
D u

xx

 




 

This equation describes the physical non equilibrium 

equation combined with linear isotherm model. Notice that 

if θim=0, equation (6) is reduced to ADE with linear 

isotherm model (equation 7).   

2

d

m m2

K C C C
1 D u

t xx

    
   

   

                               (7) 

 
Numerical solution  

Using dimensionless variables, the two transport 

Equations (3), (4) become: 

L L

t t t tm m

0

p

m

0

d
R

L

C C
d x d x

x t

 
   

 

 
 

 
                                (8)  

L L 2
t t t tim im m

im

p
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m e
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L L

t t t tim

im im m im

m
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C L
R d x C C d x

ut


    



 
  


         (9) 

Where:
m d m

R 1 K /    ,
im d im

R 1 K /    ,

m*
t ,

u

L
t  *

0

C
C ,

C


p

x
x ,

d




p

e

m

m
d

P
u

D
  

C0 is the input concentration [M/L3], dp the diameter of 

soil particle [L] and L the column length [L]. 

The dimensionless equation (9) has been solved using 

the finite volume method according to second order Euler 

backward (Fig .1) and the Adam Bashforth scheme [17].  

After simplification, we can establish the following 

relationship: 

 
t t

m ( i

* t+ Δ t

im (i)

)

m

im im

m

L
C

u

L

2

C
t

3
u

t

2
R

 



 

 



                                      (10) 

 
*t * tim im

im im

m

-Δ t

im (i) im (i)
4 C C

2

R
+

3 R
u

tL





 

 

Equation (10) gives the dimensionless immobile 

concentration at time (t+∆t) according to dimensionless 

mobile concentration at time (t+∆t).

 

We use the same method to solve the dimensionless 

Equation (8), we substitute the Equation (10) into the 

solved equation to obtain the following expression:  
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Fig. 1: Numerical grid for the one dimensional column laboratory. 
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Equation (11) is a system of equations which form  

tri-diagonal matrix that can be solved by the Thomas 

algorithm [17].  

The initial and boundary conditions (Dirichlet) are:

 
   m m

m

x =

0

L

C x , 0  =  0 ,  C 0 , t  =  
C

=  0,
x

C
 

 
 

 

 

Solute transport parameters estimation 

The different solute transport parameters are obtained 

from experimental data by minimizing a suitable objective 

function. The most common objective function is the sum 

of the square of the error between the experimental and 

calculated relative concentrations, the objective function can 

be defined as [9]: 

n

m e 2

i i

i 1

m in F (C C )



                                                  (13) 

Where Ci
m is the measured relative concentration  

and Ci
e  the estimated relative concentration. 

Both the determination coefficient (R2) and the root 

mean square error (RMSE) were used as two criteria  

to reflect the goodness of simulation [24]: 

 

 

n
2

m e

i i

2 i= 1

n 2

m m

i i

i= 1

C -C

R = 1 -

C -C





                                                   (14) 

 
m

n 2
e

i i

i  = 1

1
R M S E  =  C -C

n
                                           (15) 

Where m

i
C represent the mean values of m

i
C , and n 

the number of measurements. 

To determine the solute transport parameters,  

the levenberg-marquardt algorithm (LM), genetic 

algorithm (GA) and simulated annealing algorithm (SA) 

were used that are presented by the MATLAB functions 

"lsqcurvefit", "ga" and "simulannealbnd", respectively. 

The parameters used by MATLAB for GA and SA 

algorithm are given in Table 1. 

In order to improve the fitting of the breakthrough 

curves, the non-classical algorithms (GA, SA) and 

classical method of Levenberg–Marquardt were 

hybridized. The basic step of the algorithm is to use the 

obtained values of solute transport parameters by GA or 

SA as start point to be used by Levenberg–Marquardt; then 

we calculate new values of solute transport parameters by 

the Levenberg–Marquardt method. 

For all algorithms, before optimization of parameters, 

we specified the lower and upper bounds also the start 

point given in literature: 

Dm(m2/s)є [10-14,0.1], θim є [10-14,0.1] and α (s-1) є [10-

14,0.1] 

Start point: Dm= 0.1 m2/s, θim= 0.1, α= 0.1 s-1. 

The solute transport parameters of PNE model  

are unknown. They are determined by an inverse method 

by comparing experimental results with those of the 

simulation. It is the whole purpose of this work after 
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Table 1: Parameters setting of the GA and SA algorithm. 

Algorithms GA SA 

Parameters setting 

Population type: Double vector Annealing function: Fast annealing 

Population size: 50 Initial temperature: 100 

No. of generation: 100 Tolerance: 10-6 

Selection strategy: Roulette Update function T: Exponential T update 

Crossover type: One point  

Crossover probability: 0.80  

Mutation probability: 0.01  

Tolerance: 10-6  

 

solving the Equation (11) by using the finite volume 

method, the hybrid algorithm is used to minimize the 

objective function of Eq. (13). The hybrid algorithm 

calculates in a final way the unknown three parameters 

(see Fig. 2). 

 

EXPERIMENTAL DATA 

To validate the models developed in our study, we used 

the experimental data of Semra [23] that used  

an experimental protocol for front-end chromatography.  

It consists of HPLC pump, a glass column with adjustable 

bed height thanks to two pistons, a short-circuit at the ends 

of the column, a conductivity meter and an in-line  

U.V detector. The body of the pump (pistons and sintered) 

is made of stainless steel to avoid the adsorption of the 

organic tracers. The pipes and valves are Teflon but their 

low exchange surface makes it possible to neglect the 

adsorption phenomenon (see Fig. 3). 

The toluene adsorption isotherm by Chromosorb 

(Copolymer of styrene and divinybenzene) impregnated 

with oil HMN (Hyptaméthylnonane) was determined at 

ambient temperature (20 °C) on a column composed of 

impregnated Chromosorb grains, non-reactive with 

toluene. These experiments are realized for three flow rates 

(1, 2 and 5ml/min). Table 2 summarizes the experimental 

data of the column and porous medium. 

 

RESULTS AND DISCUSSION 

Table 3 presents the different optimization algorithms 

used to evaluate the solute transport parameters which are 

LM, GA, SA and their hybrid algorithm namely (GA+LM, 

SA+LM) for the two models ADE and PNE. As shown in 

Table 3, the hybrid algorithm gives better results for the 

PNE model. We note that all algorithms used in the 

optimization give approximately the same values of 

dispersion coefficient for ADE model. Consequently, the 

same fitting of breakthrough curves. Comparing to the 

ADE model, the PNE model gives a better description of 

breakthrough curves with higher value of R2 and lower 

value of RMSE (Fig. 4). 

The results obtained by the PNE model using  

the hybrid algorithm show that the dispersion coefficient 

increases with raising the flow rate, with: 3.49×10-7, 

8.23×10-7 and 3.76×10-6 m2/s for 1, 2 and 5 ml/min respectively. 

Similar results were obtained by Suresh et al. [26]. 

The values obtained of immobile water content and mass 

transfer coefficient are compared with the literature, 

Masciopinto and Passarella [12] estimate the coefficient  

of the mass transfer during the step injection of NaCl.  

The α-values (~10-5s-1) are close to those of Padilla et al. [16] 

which studied the transport of NaCl through saturated porous 

media, their obtained value of immobile water content equal 

to 10-2 which is roughly equal to our results (Table 3). 

The immobile water content changes with the flow 

rate, which decreases from 1.03×10-1 to 6.89×10-2 for  

1 to 2 mL/min furthermore it increases to 9.90×10-2 for  

5 mL/min. These results indicate when the immobile water 

content decreases the solute must travel longer distances 

or times between mobile and immobile regions, and vice 

versa. This variation of the flow rate influences on the 

mass transfer coefficient, this latter augments from 

3.84×10-5 to 2.06×10-4 s-1 for 1 to 2 ml/min furthermore  

it reduces to 8.38×10-6 s-1 for 5 ml/min. This variation of the 

mass transfer coefficient is due to the variation of 

immobile water content which is related with transfer 

resistance. The increase of the mass transfer coefficient 
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Fig. 2: The flowchart for evaluating solute transport parameters. 

 

 

 
 

 

 

 

 

 

 

 

 

Fig. 3: The experimental editing used by Semra [23]. 
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Table 2: Experimental data of column and porous medium ( Semra, 2003). 

Column diameter(cm) L (cm) Kd(l/kg HMN)  (g/ cm3) dp(µm) (cm3/cm3) 

1 6.4 671 0.505 215 0.836 

 

Table 3: Optimization of solute parameters. 

Flow rate (mL/min) Models Tools Dm(m2/s) ×107
 Θim α (s-1) ×105 Fobj×103 R2 RMSE 

1 

PNE 

LM 3.98 0.199 3.34 7.70 0.9978 0.0169 

GA 3.80 0.0998 3.90 8.30 0.9977 0.0176 

SA 3.40 0.0966 7.69 8.10 0.9977 0.0173 

GA+LM 3.49 0.103 3.84 6.60 0.9982 0.0156 

SA+LM 3.51 0.107 3.91 6.70 0.9981 0.0158 

ADE 

LM 3.11 - - 7.50 0.9979 0.0167 

GA 3.17 - - 7.60 0.9979 0.0168 

SA 3.09 - - 7.60 0.9979 0.0167 

2 
PNE 

LM 10.5 0.250 23.2 14.7 0.9961 0.0233 

GA 8.77 0.0995 21.4 15.2 0.9966 0.0218 

SA 8.20 0.0680 21.5 14.8 0.9967 0.0215 

GA+LM 8.55 0.0995 21.3 15.0 0.9966 0.0217 

SA+LM 8.23 0.0689 20.6 14.7 0.9967 0.0214 

ADE LM/GA/SA 7.74 - - 25.9 0.9942 0.0284 

5 
PNE 

LM 37.4 0.0957 2.85 0.156 0.9999 0.0026 

GA 37.7 0.0993 0.553 0.140 0.9999 0.0025 

SA 47.9 0.267 8.30 0.224 0.9999 0.0031 

GA+LM 37.6 0.0990 0.838 0.137 0.9999 0.0024 

SA+LM 35.5 0.0517 1.66 0.157 0.9999 0.0026 

ADE LM/GA/SA 33.3 - - 0.150 0.9999 0.0026 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4: Comparison of concentration calculated with PNE  

and ADE models and the experimental data. 

is referred to higher mixing in the mobile phase at high 

flow rate [21] or to shorter diffusion path lengths as a result 

of a decrease in the amount of immobile water [28].  

To clarify this study, other experimental data must be realized 

at supplementary flow rates to obtain a correlation between 

the mass transfer coefficient, the immobile water content 

and the flow rate. 

The experimental and the best predicted concentrations 

using different optimization algorithms for ADE and PNE 

models are given in Fig.5. Residuals (ei) plots for 

measured concentration are also reported in Fig.6.  

The coefficients R2 for the regression of observed 

versus fitted concentrations show that the PNE yields  

a better overall fit (0.9967 < R2< 0.9999) than the ADE 

model (0.9942 < R2< 0.9999). The plots of measured 
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Fig. 5: Fitting measured and calculated concentration with PNE and ADE models. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6: Residual plots of calculated concentration modeled with PNE and ADE. 

 

versus simulated relative concentrations show that PNE-

simulated C/C0 fall on a 45° line, whereas those  

of the ADE model are scattered about this line (Fig. 5). 

This suggests that the relative concentrations (C/C0) 

measured are better represented by the PNE simulated 

C/C0 values than those from the ADE model. 

In general, residual plots of PNE and ADE showed  

a random distribution but with different error variances. 

This residual analysis also confirms that the hybrid algorithm 

was the best option for solute transport data fitting. 

Objective functions values decreased from 7.5×10-3to 

6.6×10-3 for flow rate 1 ml/min, from 2.59×10-2to 1.47× 10-

2 for flow rate 2 ml/min and from 1.5×10-4to 1.37×10-4 for 

flow rate 5 ml/min (Table 3). 

In addition, Fig. 6 shows the mean modeling errors  

for the prediction of concentrations. These modeling errors 

ranged from 3.1 to 5.6 % for LM and from 3.6 to 4.1 % for 

GA+LM. The modeling performance of GA+LM was 

better than those obtained with LM. 

Finally, the application of hybrid algorithms on PNE 

model can be used to handle the experimental data of  

the solute transport in saturated porous media.  

 

CONCLUSIONS 

In this study, we have presented a one-dimensional 

model that describes the transport of contaminants  

in a column laboratory. A numerical algorithm has been 

presented to solve PNE and ADE models. A semi-

stochastic method proposed to estimate the solute transport 

parameters which is a combination of stochastic method 

(GA, SA) with deterministic optimization models (LM). 

The performance of GA, SA and LM algorithms have been 
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tested and compared with hybrid algorithms (GA+LM), 

(SA+LM) for the solute transport modeling using 

experimental data. In most cases, the average root mean 

square error obtained by hybrid algorithms (GA+LM), 

(SA+LM) is relatively better than the other ones 

algorithms. A better description of breakthrough curves 

was providing by the PNE combined with linear isotherm 

model; it is found that the PNE parameter values 

(immobile water content, mass transfer coefficient  

and dispersion coefficient) tend to vary with the flow rate. 
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