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ABSTRACT

Thermal behaviour of various solid feldspars are different,
namely those of bivalent cations show no change in the distri -
bution of Al and 51 atoms,whereas feldspars of univalent cations
become more discordered with raising temperature. In the latter
case Al atoms migrate from the sites they occupy at low tempera-
tures and interchange positions with the $i atoms. At high tem-
peratures(but still below the melting point)the mixture of‘ the
two feldspars forms a solid soluticon,while at low temperatures
two almost pure phases separate out from each other. The beha -
viour of pure feldspar (like albite)have heen theoretically stu-
died by wvarious methods,while so0lid solutions of feldspars of
univalent cations have not been studied (due to their complexity).
In this paper statistical mechanical methods are used te study

sodium and potassium feldspar solutions.

INTRODUCTION other three are Si atoms, while for
Feldspar is an anhydrous aluminum bivalent cations like Ca,Ba,..., two
silicate with the general formula of the T's are Al atoms and the other

MT4OB,where M represents the cation two are Si atoms. The three dimensio-

contained in the feldspar. For uni - nal network of this compound is formed

valent cations{metals)like Na,K,..., by linking of TO, tetrahedral units,

)
one of the Ts is an Al atom and the wherein oxygen atoms are located at the
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vertices and T(Al or Si)atoms at the
center of the tetrahedra. Each oxy-
gen atom in the feldspar lattice lies
between two T atoms (such that the T
and O atoms alternate in the struc -
ture). Since the sites of the oxy-
gens can only be occupied by these
atoms,there is only one way to dis -
tribute the oxygen atoms,while the T
sites can be occupied by either of
the two types of atoms (Al or £i).The
distribution of oxygen atoms will
thus not be further discussed. In the
case of pure feldspars only the dis-
tribution of Al and Si atoms among
the T sites need be considered,while
in their solutions,the distribution
of the cations must also be consi-
dered. The T s.ites which are occu-
pied by Al or Si atoms are called
the primary sites and those occupied
by cations(Na,K,...)are called the
secondary sites. For more information
the reader is referred to references
[1]anafz].

it has been experimentally ob-
served that two Al atoms can not be
located on two adjacent T sites, this
phenomena is called the principle of
aluminum avoidance[3]. It states that
distributions in which two Al atoms
are on two adjacent T sites are disa-
llowed,and consequently the distri-
bution of Al and Si atoms among the T
sites is not random. This,in turn
causes a decrease in the numoer of

configurations ,hence the entropy

‘and Al atoms replaced the

of the system.

There are four distinct types of
primary crystallographic sites, which
are shown as,Tl(o) ,T2(o) , Tl {m), and
T_{m)[3].0n the basis of experimental

2

evidence,it is observed that Al
atoms prefer to occupy the TI(O) sites
(due to site preference energy which
is dominant in the low temperature

region). Such a preference arises

from the interaction energy between
'I‘l(o) sites and Al atoms. The posi -
tional randomn.ess of Al atoms on
the primary sites increases , with
an increase in temperature and at a high
temperature limit Al atoms may Occupy
all types of primary sites with equal
probabilities[1]. Contrary to many
cases,order disorder in feldspars is
mainly due to atom-site interaction
energies rather than interatomic in-
teractions. Usually the 'I'l(o) site isg
three

shown simply by "a" and the

other sites by "b". In feldspar lat -

a" site is surrounded by

l‘lb L

tice each
b site (on

8/3 Ilbll

four sites and each

the average)by 4/3 "a" and
sites.

The first statistical mechanical
investigation on sodium feldspar( al-
bite)was done by Mazo[3]. In these
calculations while using the QC(quasi
chemical)method, a diamond like lattice
was assumed for albite in which the Si
carbon
atoms,i.e. instead of the main struc-

ture a simple model was nsed. later
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Andersen and Mazo[4] intreduced the
idea of local charge neutrality,
on the basis of which in additiion to
electroneutrality in the entire lat -
tice,different regions or locatiens
{(which will later be designated as
units) also have to be electrically
neutral. On the basis of this sugges-
tion and to simplify calculations as
far as possible,they chose locations
which are electrically neutral to
be as small as possible(actually one
molecular unit). Their model is shown
in Fig.l. In this Figure the corners
of the squares are T sites, X marks
show the site of cations the open
circles represent "a" sites and the
filled ones "b" sites. In this model
each square that has an X is consi -
dered to be a unit,and in order tc be
neutral it must have one Al and three
Si atoms. In spite of the two dimen-
sional character of the model, the
coordination number of four for each
T site is the same as the .actual
coordination number in the three di-
mensiconal lattice. Because the real
feldspar lattice is complex,the choice
of a simple model as the given two
dimensional model seems unavoidable.

b newmethod for the statistical
mechanical study of albite was intro-
duced in 1986[6]. In this method the
T sites Were_artificiallydividedin—
to two groups. Sodium and calcium{or
any bivalent cation) feldspars have

beern studied recently with the QC

method using the two dimensional
model of Andersen and Mazo[7]. The
study of sodium and potassium felds-
par mixtures seems to be more compli-
cated,due to the fact that the inter-

change of Al and Si atoms with chan-
ging temperature occurs in both fel-
dspars,and perhaps because of this
complexity such an investigation has
not yet been performed. Such a study

is the goal of this paper.
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Fig.1l- Andersen and Mazo's model of
the feldspar minerals . Open
circles represent "a" sites ,
filled circles "bh" sites, and

¥ the cationic sites,

STATISTICAL MECHANICAL STUDY OF SODIUM
AND POTASSIUM FELDSPAR MIXTURES

To accomplish this goal the two
dimensional model of Andersen and
Magzo will be used in order to calcu-
late the number of distributions and
all available information will be im-
posed by using appropriate cons-

traints. To do so,the following points
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will be considered:

l. In order to follow the : luminum
avoidance principle,only distribu-
tions will be accepted inwhich no
two Al atoms are adjacent.

2. To take the site preference ener-
gy into consideration,a negative
site energy is given for each Al
atom on the Tl{o) site. Other site
energies are taken to be zero.

3. Since different units prefer not
to be adjacent, a positive interac -
tion energy will be given to them
such that the interaction energies
between two adjacent cations of the
same kind are zero.

4. To follow the principle of local
charge neutrality,one alkali metal
atom,one Al atom, and three Si
atoms will be devoted to each unit.

In the feldspar mixture two types
of distribution must be considered ;
first the distribution of the wunits

{or cations),for which the QC method

[ 3-5]will be used to calculate the num~

ber of such distributions,and second

the distribution of Al atoms on the T

sites, for which the &CM (sequential

construction method}[6 1will be used.

These distributions will be performed

in two separate steps in the follow-

ing order:

A-Distribution of alka.l metal catlons

(Na and K)

According te the meodel chosen ,
alkali

each unit must contain one

metal cation,one Al atom, and three

Si atoms. The distribution of cations
is actually the distribution of the
units,and thus,instead of considering

the cations, the distribution of

08) and B(KAlSJ.308) will

be considered. Assume that the in-

units A NaAlSiB

teraction energies between the units

are shown as E__,E which

AA  AB
represent the interaction

,and EBB
energies
between units of A with A,A with B ,
and B with B,respectively({the inter-
action energy between two units is
actually related to that of two
cations). With a decrease in tempera-
ture A and B units separate , which
shows that AB pairs possess a repul-
sion energy greater than the energy
between two units of the same kind:

E + E
2E > AR

AB BB

If the number of AA, AB,BA, and
B i ith
B palirs are shown wit NAA'NAB'NBA'
and NBB,respectively, the following
general relationship will exist bet-
ween them.

N=2 + N
C NAA

AR
{1)
C(M—N)=2NBB + NBA
(2)
Where M 1s the total number of
units,N the number of A units,and C
the coordination number of the units.
To distribute the units,the QC
approximation will be used. In this
approximation it is initially assumed
that the pairs are independent of
each other,meaning that they do not
the

share any site. In such case
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number of distributions,w,will be:

(cM/2)]

AB)|(C(M_N)—NAB
2 ’ 2

2

b 1)

(3),
Using eq. (3) the number of dis-
tributions can now be calculated for
each NAB' To calculate the total
number of distributions we must sum
the right hand side of eq. (3) over
all possible values of NAB' It can be
shown that in such a sum,only one term
which is called the maximum term 1is
of importance and others in respect,
are negligible. In other words, the
only value of N which has to be used
in eqg.{3) is the value which maximi-

zes w . This value will be shown by
*

N - Thus we Wlll h ve:
a
w (M ] w r ¥

The interaction energies bet -

ween the units will be given by:

E=N__E__+

N__E__+N
AA AA AB AB

BAEBA+NBBEBB
{4)

Knowing the energy and the number
of distributions {using the QC approxi-
mation)the Helmholtz function of the
system can be calculated:
A=F - TS=E - TklnIw +C'
where C' is a constant related to
the difference between the real num-
ber of distributions(g)and w.

To obtain the most stable state
(equilibrium) ,A must be minimized
with respect to NAB' The final result

is:

*

N =CMR

AB (3)

Re-[2(1£/1+4 (1-2)F (1-F) /2)] /[2(1-2)]

— - +E
Z exp(EAA 2EAB BB)

*
For the sake of brevity NAB will

be shown as N from now on. From
the relation between the pairs, edq.
(1) ,and eq. (2),we have:

NAA=CM(F-R)/2

NBBfCM(l—F—R)/2

(6)
(7)

in which: F=N/M

Thus the probability that a

pair in the lattice has AA,AB,or BB

configuration is: .
PAA NAA/( BA NAB BA BB)
(8)
P._=P__=R ,P__=1-F-R
AB BA BB
The 1 P
values of PAA' AB,and PBB

will be used in the later calcula -
tions.

B=Calculation of the rumber of dis -
tributicns of Al atoms on T sites

The alkali metal cations have
been previously distributed and the
distribution of Al atoms on T sites
is wanted. In distributing 21 atoms

we must be careful not to place two Al
atoms adjacent to each other(the
aluminum avoidance principle), The two
dimensional model of Anhdersen and
Mazo will be used in this calculation
and to follow the local charge neut-
rality one Al atom will be devoted to
of Al

each unit. The distribution

atoms will be performed by using the
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SCM approximation. In this method the
units are hypothetically divided intc
black and white ¢lasses (Fig.2) such
that each black unit can only be sur-
rounded by four white units and each
white unit only by four black units,
so that A and B units are divided in-—
to black and white A and B units. The
probability for occupying "a'" sites

of the A units is shown by P,and the

n_n

probability for occupying a'" sites

of the B units is shown by P'.

Fig.2- The classification of the An-
dersen and Mazo's model into

white and black units.

The interaction energies between

31

Al atoms and "a" sites of the A and B
units are shown by Ea and E'a respec-
tively, these being the site preference

energies discussed previously.

The distribution of Al atoms is
performed in several steps:
Step one:Distribution of Al atoms on

n L

a" sites

PN atoms of aluminum are initially

distributed on the "a" sites of the

A units. The number of ways for such
a distribution,w(a) is:

Nl
(PN}| [(1-P)N]]

wla)=

Now F'{M-N) Al atoms are dis-

tributed among "a" sites of B units.
The number of ways for this kind of
distribution,w{a') is:

(M-N) |

wla')= [P'(M‘N)]f [(1-F") (M‘N}]l

Step two:Distribution of Al atoms an
"b" sites of black units

I'm the first step of the distri-
bution, {1-P)N/2 black type units were
not given any Al atoms. We now want

to distribute

lrbll

(1-P)N/2 Al atoms on

the sites of these units in such

a manner that aluminum avoidance and
the local charge neutrality are fol-

lowed. Each of the two "b" sites of

a black A unit are adjacent to one

1" "

a" site of a white

unit , and this
white unit has a prebability of PAA

of being of the A type and P of

AB
being of the B type. Thus the proba-

bility that the "a" site of this

white unit has been occcupied in the

+P'P_ ).
AB

bability that the two "b" sites at -

first step is (PP Th -
P { AR e pro

i i -2 (P +P'P .
tainakle is thus 2-2( PAA P AB)

The third "b" site of this black
unit is adjacent to two "b" sites of
the two white units{Fig.2)which are

still unoccupied. It is obvious that

this site is completely attainable
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for occupation by Al atoms and so the
probability of its being occupied is
unity. Thus the total probability of
attaining three b sites is equal
3.

B
ways for this type of distribution

to

A=3- !
3 2(PPAA+P PA The number of

w(s) will thus be:

w(s)=[a] {(1-P)N/2

Similarly we distribute (1-P') X
(M-N} /2 Al atoms on the "b" sites of
the black B units which have notbeen
occupied previously with Al atoms.It
can be shown that for this distribu-

tion we have:

T ' +
AT=3-2(P PBB PPBA)
1-p* -
w(s')= [Al] ( )(M N)/Z
In which A' is the average num-

ber of attainable "b" sites and wis')
is the number of ways for sucha dis-
tribution.
Stepthree:ngtribution of Al
atoms among the"b" sites of white
units

We next distribute (1-P)N/2

"b"

Al

atoms on the sites of the white

units whose "a" sites have not been

given any Al atom in their first

step. By using arguments similar to

those given previously it can be shown

that:
3—2(PPAA +PABP')—(4/3)[PAA(1—P)+
PBB(l—P')]=A-A

wn=[ a-1] (LTEIN/Z

10

in which A-X is the average number of

attainable "b" sites of each of the

white A unit and w(N) is the number
of ways for such adistribution. simi-
larly,we distribute

nbll

(1-P') (M-N} /2 Al
atoms on the sites of the (1-P'}x

(M-N) /2 white B units(those on which

no Al atom was located on their " a

site previously). It can be shown

that:

3—2(PBBP'+PBAP)—(4/3)[PBB(l—P‘) +
PBA(l—P)]=A'—A'

w(N.)=(A,*A.)(l—P‘)(M—N)/2
again A'-X'

Ilbll

is the average number of

sites in each of the white B
units and w{N') is the number of ways
for such a distribution.

811 Al atoms have been distri -
buted on the T sites in several steps
and in each step the number of dis -
tributions has been calculated. Thus
the total number of distribution

r
g . ,1is:

g

Al

Alzw(a)m(a')w(s)w(S')w(N)w(N')

Using the Boltzmann egquatiocn

= . t elated to
SAl kln(gAl} the entropy r
the distribution of the Al atoms can
be calculated. The energy due to the
interaction of the Al atoms with the
sites is:
]
E=PNE + P'(M=N)E
a a
Knowing 5 and E the Helmholtz

free energy B=E-TS can be calculated .

FPinally to find the most stable
state (equilibrium)we minimize this
with respect to P and P'. The final
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results are:

u—[ln[(l-P)/P]—l/ZlnA—(l—P)PAA/A—
(1-P") (1-F)P, . /FA'-1/2In(8-X) -
(1-P)P,,/38-3)-1/3(1~P") (1-F}P, /F
x (A'-2x")]=0 s u=E_/ kT
(92)

u'=[In[(Q~-p')P'] -1/21nA"'—(1-P" )P o/
A'—(1—P)FPBA/(1—F)A—1/21n(A'—A') -
(l—P')PBB/B(A{TX)—(l—P)PBAP/(l-P)x
(A-X)]=0 ,u'=Ea/kT

(10)

RESULTS

In the previous section eq.
(8) was obtained for finding AA,AB ,
and BB unit pairs and equations {9)
and (10) were found for the calcula-
tion of the thermodynamic quantities
P and P'. For any value of the repul-
sion energy between A and B units and
the fraction of sodium units in the

mixture , (8} can be solved by

eq -
computer to obtain the probabilities

P P__,and P__. Next these values

nn’" AB BB
and the site preference energies u

and u' were used in another computer

program to solve eguations (9) and
{10) numerically for P and P' at the
same time. Having the probability

arameters P P
B TS Yan'“am
of distributions of th2 units and the

,andPBB;thenumber
entropy of these distributions were
calculated(stage A distribution) .
Knowing the parameters P and P', the
number of distributions of the Al and
51 atoms and thus their entropy was

calculated( stage B distribution).

Finally by adding these two entropies,
the total entropy of the binary fel-

dspar mixture was calculated.

In Fig.3 the entropy of the sys-
tem is drawn versus the energy
of the units of A(ua). In these calcu -
lations F=O.3,ué=—l.37,andtﬂmarepul—
sion energy between two different
of units were kept :

types cons -

tant (w=1). As shown in this figure

the entropy reduces by increa-
sing the absolute value of the
energy.
e
~
48]
5 4
+
o 4
~ L +—
-4 3]
- - —

Fig.3- Entropy variation as a function
of site energy of Al atoms on

"

a" sites of A units.

In order to investigate the effect
of repulsion energy between units
(w) ,the entropy is plotted against
this quantity in Fig.4,while the other
guantities are held constant. Such
behaviour as seen in this graph is

plausible,because strong repulsion
causes the separation of unlike units

which leads to the reducticon of the

11
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entropy.
In Fig.5 the effect of the mole
fraction of sodium feldspar on the

entropy of the system 1is shown .As

expected, for F=0.5 the entropy has
the maximum amount,because the number
of distributions is the greatest in
this case.

The effect of temperature on the

{8}

L] (W) 1o

Fig.4- Variation of entropy with the

interaction energy

entropy of the system is shown in Fig.
6,and Fig.7 shows the effect of tem-
perature on the entropy of the immis-
cible binary mixture,on the one hand,
and of the solid solution of the two
feldspars,on the other hand, in the

same condition. The results of the

last two figures will be discussed in

the next section.

4 | | |
(s}
—1
0
0 (F) 1

Fig.5- Variation of entropy with the

mole fraction of A type unit

4 J T T
S/R and -
Lr 4
0 '\ e —
o - 2
Fig.6- Variation of entropy with the

temperature

12
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e
e

]

0 8

T

Fig.7- Variation of entropy with tem-
pPerature.
Curve 1. Immiscible feldspar mixtures

Curve 2. Feldspar solutions

DISCUSSION

Fig.6 shows the effect of tem -~
perature on the entropy of the sys -
tem and it predicts that the system's
entropy show different behaviours at
low,medium,and high temperatures. At
low temperatures the entropy changes
quickly with temperature because dis-
placement of units and that of 21 and
Si atoms in the lattice both occur
guickly leading to rapid increase in
disorder. At intermediate temperatures
(where the variation of entropy is sma-
ller) the displacements in one of these
processes has probably reached its
maximum(the process which has reached
the maximum in its displacement rate is
determined by the ratios of ua/w and

ua'/w). Finally at high temperatures

where the displacements in both pro-

13

cesses have reached their maximum, an
increase in temperature does not
vause any change in the entropy.

In Fig.7 the entropy of the solid
solution of sodium and potassium
feldspars (curve 2)is given on the one
hand and the entropy of the two im -
miscible feldspars{ curve 1l)on the

other hand. Since these two curves

were drawn for the same site ener-
gies,the entropy of the immiscible
feldspars and that of the solution
will show the relative thermodynamic
stability of these two systems tco

some extent. Since at the highe

temperatures the entropy of the solu

tion is appreciably greater than th

entropy of the immiscible mixture,i.
is thermodynamically predicted that
the feldspars will form a solution
in these conditions(as they actually
do). While at the low temperatures
where the difference in entropy 1is
low,the effect of the repulsion is
more important than the entropy dif-
ference,and it can be expected that
the two feldspars will separate { as
they actually do)[1].

In the distribution of alkali
metal cations(A and B units) the QC
approximation was used. This methoed
is largely used to avoid the mathe -
matical complexity of the problem .
in the absence of mathematical dif -
ficulties it would be preferred to
use the Kikuchi method which is more

gerteral ‘han the QC method [B and 9]
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In distribution of the 2l and si

atoms on the T sites the SCM was
used. The main approximation in this
method is the fact that the equivalent
units are hypothetically divided in-
to black and white classes. Since in
this method the distribution of Al
atoms on these units is not performed
simultaneocusly (first among the black
units then amoﬁg the white units ),
they actually are not considered to
be equivalent. To clarify this point
consider a hypothetical lattice with
four sites all in one direction. As-
sume that wa want to distribute two Al
atoms among them following the princi-—
ple of aluminum avoidance. Three ways
exist for performing this{ the actual
number of distributions}. According
to the SCM the sites are divided in-

to two groups,"a'" and "b",such that

similar sites are not adjacent( "a”

and "b" alternate). We first distri-
bute half of the Al atoms {one Al
atom in this case) on the "a”" sites.

It is obvious that such a distribu -
tion can be performed in two ways.
We know distribute the other Al atom
"b For the aluminum

on the sites.

avoidance to he followed on the ave-
rage only 1/2 of a way willexist for
this distribution. Thus in this case
the number of distributions is 3=2 x
1/2=1 (distributions based on the
SCM). If we reduce the hypothetical

difference between the black and

white sites by any method possible ,

14

it can be expected that a better
approximation will be obtained. For
this purpose the MSCM (modified sequ-
ential construction method) has re -
cently been suggested [10] . In this
method, instead of giving different
values to the availability of the
black and white "b" sties,an equal-
average value is given to each.
Andersen and Mazo have intro-
duced NaAlSi O

is
unit in the model(meaning each sqguare

as the local charge

with a single Na atom in the middle).

This is the smallest possible local
charge unit. A small size for the
local charge unit simplifies the
mathematical operations. Before the

introduction of the theory,the entire
lattice was considered as the elec -
troneutral unit[3]. In spite of the
complexity of the mathematical ope -
rations,l1t seems sounder to use lar-
ger units. It has bheen suggested
that use of units three times larger
than the units of Andersen and Mazo
is more appropriate[lo,ll]. Finally
to find the equilibrium state, the
Helmholtz free energy of the system

was divided unto two independent

parts,one for thz distribution of the
units and the other for the distri -
bution of the Al atoms. Each distri-

bution was given a Helmhocltz free

energy and each part was minimized

independently. If it was not for

avoiding the mathematical operations,

it would be sounder to minimize the
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function relative to all independent

variables in one step.
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