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ABSTRACT: In this paper, for the first time, a numerical code based on the Levenberg–Marquardt method 

is presented to solve the inverse heat transfer problem of an annular jet on a cylinder with uniform 

transpiration and estimate the time-dependent wall temperature using temperature distribution at a point. 

Also, the effect of noisy data on the final result is studied. For this purpose, the immediate task is to solve 

the temperature with no dimensions and convection Heat transfer in a cylinder with a radial incompressible flow 

numerically. The free stream is steady, and the initial strain rate of flow is 𝑘̄. The equations of momentum and 

energy are transformed into semi-similar equations using similarity variables. After discretizing the new 

equation system using the finite difference technique, it is solved by using the tri-diagonal matrix algorithm. 

After that, the wall temperature is calculated throughout using the Levenberg–Marquardt approach. This 

is a collaborative technique aimed at minimizing the least-square summation of the error values, where 

the error indicates the difference between the predicted and observed temperatures. This method exhibits 

considerable stability for noisy input data. In most cases, surface blowing decreases the prediction 

accuracy by displacement of the boundary layers from the surface, whereas suction acts vice versa.  

The main reason for this study is that in many industrial applications, it is not possible to insert the sensor 

on the wall to measure the temperature of the wall the sensor can be inserted in another place and the wall 

temperature distribution can be obtained by inverse analysis (Determining of unknown boundary 

condition). 
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INTRODUCTION 

The direct heat transfer issue is concerned with finding 

the temperature of interior locations inside an area given at 

the beginning and boundary circumstances, along with 

thermo physical properties such as heat production, heat 

flow, or temperature [1].  

Inverse heat transfer problems, in contrast, to direct 

heat transfer problems, are defined as the wall estimation 

of starting and boundary conditions, material 

characteristics, source and sink terms, and governing 

equations which are utilizing the temperature distribution 

at one or more interior sites [2]. 

In terms of solution stability, inverse issues are much 

more difficult to solve than direct problems. In mathematics, 

they are referred to as ill-posed problems. In recent 

decades, when better computers became available, inverse 

solution approaches expanded their relevance beyond heat 

transport problems. For instance, some of the primary 

applications of inverse heat transfer include the cooling 

control of electrical equipment, estimation of cooling jet 

velocity during machining and quenching hardening 

processes, determination of boundary conditions between 

mold and molten metal during casting and rolling 

processes [3], and determination of heat flux on a wall 

surface exposed to fire or inside the surface of  

a combustion chamber [4], as well as surfaces where 

ablation or melting occurs [5]. Other applications of 

inverse heat transfer include the prediction of the internal 

wall of reactors, determining the thermal conductivity  

and external surface conditions during a space vehicle's  

re-entry, modeling temperature or heat flux distributions at 

the tool-work interface during machine cutting [6], and 

solving cooling control problems [7]. Numerous methods 

for solving inverse heat transfer problems are used, 

including exact solutions, the inverse transform of the 

Duhamel integral, the Laplace transformation, the control 

volume method, Helmholtz equations, finite difference, 

finite element approximation, digital filter synthesis, 

Tikhonov regularization, the Elifanov iteration method, 

conjugate gradient, and Levenberg–Marquardt methods [8]. 

The Levenberg–Marquardt technique is an iterative 

inverse algorithm that is used in this research. It is based 

on minimizing the least-square summation of the error 

values Jiang and the others. [9] obtained the time-

dependent boundary heat flux on a solid bar using the 

conjugate gradient method with an adjoint equation and 

zeroth-order Tikhonov regularization approach to make 

the inverse solution stable. In their work, the finite difference 

method was used to solve the problem. Chen et al. [10] 

used the inverse approach, they determined the temperature 

and heat flow distributions at the quenching surface.  

They enhanced temperature and heat flow estimates using  

the conjugate gradient approach for a two-dimensional 

issue in cylindrical dimensions. The governing equations 

were solved by using finite element methods. Plotkowski 

and Krane [11] investigated how to quantify transient heat 

flow in electro-slag remelting in using inverse heat 

conduction models. They investigated three ways of 

inverse heat transfer for industrial use. Hsu et al. [12] 

investigated film-wise condensation on a vertical surface 

using the inverse problem on wall heat flux estimate. Their 

inverse technique does not need previous knowledge of an 

unknown variable's functional form. Khaniki and 

Karimian [13] calculated the heat flow absorbed by a 

satellite surface using temperature data. They devised a 

basic heat flux sensor in order to investigate the associated 

potential limits. Additionally, they suggested an inverse 

solution to the energy equation using temperature data, 

which produces the heat flux absorbed on the satellite's 

surface. Beck et al. [14] conducted some research into the 

estimation of heat flux entering the surface of a body using 

the inverse approach. Their calculation method used the 

measured temperature data of the internal points. 

Liu [15] developed a hybrid mechanism to 

simultaneously identify the thermal conductivity and heat 

capacity in an inverse heat flux problem. This mechanism 

was a combination of genetic algorithms and Levenberg–

Marquardt algorithms. Mohammadiun et al. [16] used 

temperature at a site to calculate the time-dependent heat flow. 

Their approach comprised solving the governing equations 

through the finite difference technique. Tai et al. [17] applied 

an inverse conduction heat transfer method to estimate the 

spatial and temporal variation of heat flux on the drilled-

hole wall surfaces. Their approach used the internal 

temperature of the body measured by thermocouples, and 

the governing equations were solved by the finite element 

method. Rahimi et al. [18] estimated the time-dependent 

strength of a heat source using temperature distribution at 

a point in a three-layer system. Mohammadiun et al. [19] 

employed the sequential function definition approach to 

forecasting heat flow across disintegrating materials' 

sublimation boundaries. They employed the inverse 
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approach to forecasting surface thermal boundary 

conditions. In another study, Mohammadiun et al. [20] 

applied the sequential function specification method to the 

ablative surfaces. The inverse method has been used in the 

mentioned study to estimate heat flux at the moving 

interface. 

Wu et al. [21] proposed an inverse algorithm based on 

the conjugate gradient method to solve the hyperbolic heat 

conduction problem and estimate the unknown heat flux on 

an infinite cylinder. The measured internal temperatures were 

used for this purpose. A technique for inverse estimation, 

based on a fitting of the displacements, obtained from a 

combination of static compression and shear traction 

loads, for the extraction of the equivalent, and static 

elastic, Hooke’s tensor has been proposed  

by Mao et al. [22]. Trofimovetal. [23] formulated  

a theoretical approach based on the property contribution 

tensors for inverse homogenization procedure in order to 

reconstruct elastic and electrical/thermal properties of 

inhomogeneities (matrix) from the known effective 

properties, matrix (inhomogeneities) properties, and 

microstructural information. The problem of unknown 

radiation terms identification in some inverse problems of 

heat equations with over-specified data measured on the 

boundary has been investigated by Mohseni et al. [24]. In 

their study, some linear heat equations along with non-

linear boundary conditions have been applied to 

mathematical modeling. An algorithm based on the 

iteration method and proving its convergence for an 

inverse problem in heat propagation has been defined  

by Capatina et al. [25]. They used an internal 

approximation in the space variables and a backward Euler 

scheme in the time variable to discrete their discussed 

equations. A new method based on an adaptive-robust 

minimax algorithm for the inverse problem concerning 

Fredholm integral equations of the first kind along with 

input noisy data effects has been developed  

by Yanovsky et al. [26], then they applied this method  

to the inverse problem in the linear theory of 

viscoelasticity.     

The solution of Navier-Stokes equations is often 

somewhat difficult mathematically. This is because these 

equations are non-linear, rendering the superposition 

theory relevant to potential flow is inapplicable. However, 

in certain circumstances, an accurate solution to Navier-

Stokes may be found by naturally eliminating the non-

linear advection factors. Hiemenz was the first  

to discover the precise answer to the stagnation flow  

issue [27]. He investigated two-dimensional stagnation 

flow against a flat plate, assuming that the stagnation flow 

on the flat plate is laminar, incompressible,  

and constant. By substituting an appropriate, variable, and 

converting velocity components to a similarity function, 

Hiemenz arrived at an ordinary differential equation from 

which he deduced the velocity and pressure fields near the 

flat plate.  

Wang published the first precise solution to 

axisymmetric stagnation flow on an infinite cylinder [28]. 

He presupposed a stationary cylinder with no rotational or 

axial movement, as well as no suction or blowing on the 

cylinder wall. A radial axisymmetric flow perpendicular to 

the axis was assumed. Additionally, due to the symmetry 

of the free stream with respect to the cylinder axis, all 

derivatives with respect to𝜙 (angular direction) and 𝑡 

(time) are zero, simplifying the Navier-Stokes equations  

in cylindrical coordinates. Gorla investigated the 

axisymmetric stagnation flow around a cylinder with 

laminar flow in steady and transient states in a series of 

studies [29-32]. The effects of uniform axial movement  

as well as the armonic axial movement of the cylinder  

were studied in these works. Cunning et al. [33] 

investigated the impact of constant angular velocity 

cylinder rotation on stagnation flow across the cylinder. 

The impact of uniform suction and blowing on the cylinder 

wall was also studied in this study. Due to the rotation of 

the cylinder, the flow is completely three-dimensional, 

with velocity extending in 𝜙 directions. Takhar et al [34] 

The influence of axisymmetric radial stagnation flow on 

the cylinder was investigated, as well as the effect of 

variable-speed axial cylinder movement. To arrive at a 

self-similar solution in their study, the time-dependent 

functions associated with the free stream and axial velocity 

of the cylinder are considered to be inverse linear functions 

of time. 

Saleh and Rahimi [35-37] found accurate solutions for 

axisymmetric stagnation flows on an infinite cylinder and 

the associated heat transfer in instances where the cylinder 

moves axially and rotationally in time-dependent ways. 

Additionally, Mohammadiun et al. developed self-similar 

solutions for the radial stagnation point flow and heat transfer 

of a viscous, compressible fluid impinging on a cylinder  

in the steady state in a series of investigations [38-41]. 
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They further studied the axisymmetric stagnation flow of 

a nanofluid on a cylinder for a steady flow when the 

cylinder wall is exposed to both constant heat flux and 

constant temperature [42,43]. Zahmatkesh et al. [44, 45] 

determined the entropy generation rate in an axisymmetric 

stagnation flow of Aluminum oxide nanofluid on a 

stationary cylinder. The described study also investigates 

the influence of uniform suction and blowing on the rate 

of entropy formation, as well as the volume fraction of the 

nanoparticles. Hong et al. [46] applied the similarity 

solution method to solve the three-dimensional Navier–

Stokes equations, governing annular axisymmetric 

stagnation flow on a moving cylinder. After the reduction 

of these equations to a set of non-linear ordinary 

differential equations, an asymptotic solution for small 

Reynolds numbers has been presented by them. 

The effects of non-alignment, i.e., the stagnation and 

rotation axes are parallel but non-coinciding, in three-

dimensional stagnation flow towards a rotating disc, have 

been studied by Wang [47], and a self-similar solution has 

been presented in this study. Song et al. [48], investigated 

PSD and optical properties of TiO2/water suspensions both 

experimentally and theoretically. Hatami et al. [49] 

studied the natural convection heat transfer of the 

nanofluids in a circular-wavy cavity to reach the maximum 

Nusselt number and consequently more heat transfer,  

a cosine function is assumed for the inner wall equation. 

Instead of traditional methods, they used RSM to find  

the optimal geometry for the wavy wall in a time-efficient 

and accurate way. By applying the FEM and RSM for 

solving and optimizing the results. Hatami and Safari [50] 

studied the natural convection heat transfer of the 

nanofluids in a wavy-wall cavity when a heated cylinder is 

located in it to reach the maximum Nusselt number and 

consequently, more heat transfer and cylinder location are 

assumed to be variable. Mosayebidorcheh and Hatami [51] 

have applied LSM analytical solution to find the solution of 

2D modeling of asymmetric peristaltic flow and heat transfer 

of nanofluids in a wavy wall channel. Comparing the obtained 

results with numerical solutions confirms the accuracy and 

validity of the applied analytical method in obtaining both 

stream function and temperature values. M. Hatami et al. [52] 

presented Some analytical solutions previously for the 

motion of a particle in plane Couette fluid flow, but they 

face some shortcomings. they approached a new analytical 

called Multi-step Differential Transformation Method 

(Ms-DTM) which has been successfully applied to find the 

most accurate analytical solution for that problem. 

Ghasemi et al. [53] applied the least squares method and 

the Galerkin method to solve the problem of peristaltic 

flow in drug delivery systems. The results were presented 

to study temperature, nanoparticle fraction, and velocity 

for various physical parameters such as Brownian motion 

parameter, thermophoretic parameter, thermal Grashof 

number, and species Grashof number. M. Hatami [54] 

successfully applied FlexPDE FEM numerical code to find 

the solution of 2D modeling of natural convection heat 

transfer of nanofluids in a rectangular cavity containing 

two heated fins. Two different kinds of nanoparticles  

are considered, TiO2 and Al2O3 to add to water as base 

fluid. The effect on nanoparticle type, nanoparticle volume 

fraction, and height of the fins on the local and average 

Nusselt number is investigated and it is found that TiO2 

(especially in lower and moderate φ) in the presence of 

lengthy fins can improve the heat transfer. M. Hatami [55] 

studied the natural convection heat transfer of the 

nanofluids in a wavy-wall cavity when a heated cylinder  

is located in it. The cylinder location is fixed in the center  

of the enclosure while the height and shape of wavy walls 

are considered to be variable. By applying the FEM  

for solving the governing equations and using the RSM, 

the optimized profile is introduced for the wavy wall. 

Ali et al. [56] have numerically investigated the 

interaction of the thermally and hydrodynamically developed 

flow in a vertical square duct with the magnetic field 

produced by a nearby-placed wire, under the thermal 

boundary condition of uniform heat flux across the unit 

axial length. At a low Rayleigh number, they have 

observed that the velocity distribution across any cross-

section of the duct (parallel to the horizontal or vertical 

axis), is almost parabolic. 

Hatami and Ganji [57] successfully applied the 

analytical approaches, Differential Transformation 

Method with Padé approximation (DTM-Padé) and 

quadrature method (DQM), to produce an accurate 

analytical solution for the motion of a particle in a forced 

vortex. The radial position, angular velocity, and radial 

velocity of the particle were calculated and depicted. 

Pourmehran et al. [58] aimed to investigate the problem  

of heat and fluid flow analysis for nanofluid in MCHS  

by least square and numerical methods based on saturated 

porous medium then find the best nanoparticle and 
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optimize the nanoparticle size, nanoparticle volume 

fraction, volume flow rate, and inertial force parameter by 

impression on the Nusselt number and total thermal 

resistance via Central Composite Design (CCD). 

Influences of nanoparticle volume fraction, volume flow 

rate, inertial force parameter, nanoparticle size, and 

channel width on temperature distribution, velocity, 

Nusselt number, total thermal resistance, and friction 

factor were considered. Ahmad et al. [59] presented  

a comprehensive analysis of motile microorganisms  

and activation energy in the flow of pure as well as hybrid 

nano liquids subject to Darcy Forchheimer medium.  

The use of a porous medium not only stables  

the flow but also maintains the thermal characteristics  

of the fluid. The bioconvection phenomenon is also eminent 

in the augmentation of the heat transfer characteristics. 

MATLAB software is used to simulate the problem. 

Ahmad et al. [60] studied the bioconvective flow  

of gyrotactic microorganisms and nanofluids through  

a porous media. The flow is taken over a nonlinear 

expanding/shrinking surface. Bioconvection flows of 

microbes together with nanoparticles have many useful 

employments in several fields of science and 

biotechnology. The system of flow model equations is 

initially simplified by the similarity transformations, and 

then, a successive over-relaxation scheme is used to solve 

the resultant system numerically. Ahmad et al. [61] believe 

and object that the specific rate of heat transfer plays  

an important role in many engineering systems as it can 

affect the quality of the product. A specific heat-transfer 

rate is essentially required in many energy systems, for 

example, metal expulsion, nuclear system cooling, 

refrigeration, thermal storage, cooling generators, and so on. 

The amalgamation of manganese zinc ferrites 

(MnZnFe2O4) and silver (Ag) in kerosene oil can assist  

in increasing the heat transfer rate. Ali et al. [62]  

have formulated a mathematical model for incorporating 

the impact of wall slip in the rotating EMHD flow  

of a power-law fluid in a microchannel. They have 

numerically solved the governing PDEs in dimensionless 

form employing the fully implicit numerical scheme. 

Having confirmed the accuracy of the computational 

procedure, a comprehensive study has been carried out.  

Ali et al. [63] studied how the Nusselt number, temperature 

profiles, and velocity distributions for the fully developed 

nanofluid flow in a vertical rectangular duct are affected  

by the magnetic field produced by a nearby placed dipole. 

Governing equations are discretized using a finite volume 

approach, and the algebraic system thus obtained is iteratively 

solved. The computational technique is rigorously validated 

by comparing our numerical results with the existing 

scientific literature for a limiting case of pressure-gradient-

driven flow in the square duct in the absence of any dipole. 

An experimental investigation of heat transfer of 

Fe2O3/Water nanofluid in a double pipe heat exchanger has 

been performed by Aghayariet al. [64]. Aghayari et al. 

applied the artificial neural network (ANN) to predict the 

thermal conductivity of nanofluid at different temperatures 

and volume fractions.[65]. Habibi et al. [66] investigated 

the viscosity uncertainty in the floating-axis fluid flow and 

heat transfer along a horizontal hot circle cylinder 

immersed in a cold Al2O3 water nanofluid. 

Nematollahzadeh et al. have presented an exact analytical 

solution for the convective heat transfer equation from  

a semi-spherical fin. They compared exact solutions with 

numerical results such as the finite difference method and 

midpoint method with Richardson extrapolation [67]. 

Montazeri et al [71] calculated time-dependent heat flux  

in the stagnation points of impinging flow on the circular 

cylinder by an inverse method. 

As can be seen, inverse Heat transfer in the area of the 

impinging flow's stagnation zone has not been examined 

before. For the first time, this study proposes a numerical 

code based on the Levenberg–Marquardt technique  

for solving the inverse time-dependent boundary 

temperature of an axisymmetric stagnation flow on  

a cylinder with uniform suction blowing. The approach 

makes use of a point's temperature distribution and a semi-

similar solution. At each time step, the governing equations are 

transformed into a system of coupled ordinary differential 

equations, which are solved by using the tri-diagonal 

matrix algorithm after being discretized, using the implicit 

finite difference technique (TDMA). The sensitivity  

of the model to noisy data is examined. The findings reveal 

that the suggested strategy is very stable in the presence  

of noisy data. 

All articles in the field of Stagnation point flow  

on the cylinder or flat plate are the only direct problems  

with known boundary conditions (known wall 

temperatures) but in this research, for the first-time 

unknown boundary condition (unknown time-dependent 

wall Temperature) has been estimated by using only one 
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Fig. 1:  The geometry of the problem and the location of the sensor 

 

sensor located in the fluid field there this problem has been 

solved by the inverse method (Levenberg–Marquardt 

Method). In the similarity solution field, all the papers are 

direct solutions and there is not any paper witch used the 

inverse method coupled with the similarity solution 

technique there the novelty of this paper is the inverse 

solution of this kind of problem. Since in many industrial 

applications, it is not possible to insert the sensor on the wall 

to measure the temperature of the wall, the sensor can be 

inserted in another place and the wall temperature distribution 

can be obtained by inverse analysis (Determining of unknown 

boundary condition). 

 

THEORETICAL SECTION 

Problem formulation 

A. Direct solution 

Fig. 1 illustrates the geometry of this issue. The flow  

is axisymmetric in cylindrical coordinates(𝑟, 𝑧), with 

matching velocity components (u, w), as shown. On the 

cylinder's exterior surface, a time-dependent temperature 

and uniform transpiration are applied. Using the temperature 

distribution at a location, we seek to calculate the unknown 

wall temperature Tw(t) within 0 ≤ 𝑡 ≤ 𝑡𝑓  inside. There is  

a chance that the data provided includes noise. The 

numerical code calculates the temperature distribution 

using the semi-similar solution approach. By converting 

partial differential equations to ordinary differential 

equations and solving them numerically, using 

dimensionless radius and transferring functions, this 

approach converts partial differential equations to ordinary 

differential equations. 

Several annular jet flows uses include the following: an 

examination of centrifugal machinery movement, heating 

and cooling operations, activating and deactivating 

industrial machines, pressure-lubricated bearings, and 

cooling of drilling tools and punching instruments. 

 

B. Governing equations 

As shown in Fig. 1, the flow is considered in cylindrical 

coordinate (𝑟,𝑧) with corresponding velocity components 

(u, w). The flow is assumed incompressible and in a transient 

state. Dimensionless surface diffusion is 𝑆 = 𝑈𝑜/𝑘̄𝑎  

In cylindrical dimensions, assuming axial symmetry;  

the governing equations will be as follows [35,36]: 

 

Conservation of mass 

(1) 
𝜕

𝜕𝑟
(𝑟𝑢) + 𝑟

𝜕𝑤

𝜕𝑧
= 0 

In the direction of r, the momentum equation is as follows: 

(2) 
∂u

∂t
+u

∂u

∂r
+w

∂u

∂z
=-
1

ρ

∂p

∂r
+υ(

∂2u

∂r2
+
1

r

∂u

∂r
-
u

r2
+
∂2u

∂z2
) 

 

Momentum equation in z-direction 

(3) 

𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑟
+ 𝑤

𝜕𝑤

𝜕𝑧
= −

1

𝜌

𝜕𝑝

𝜕𝑧
+ 

𝜐(
𝜕2𝑤

𝜕𝑟2
+
1

𝑟

𝜕𝑤

𝜕𝑟
+
𝜕2𝑤

𝜕𝑧2
) 

In the above equations,𝜌and 𝜐 =
𝜇

𝜌
  denotes the fluid 

density and its kinematic viscosity. 

 

Conservation of energy 

(4) 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑟
+ 𝑤

𝜕𝑇

𝜕𝑧
= 𝛼(

𝜕2𝑇

𝜕𝑟2
+
1

𝑟

𝜕𝑇

𝜕𝑟
+
𝜕2𝑇

𝜕𝑧2
) 

Where 𝛼̄ =
𝑘

𝜌𝐶𝑃
is the thermal diffusivity coefficient of the 

fluid. 

The following are the boundary conditions for 

momentum equations: 

(5) 𝑟 = 𝑎  :  𝑢 = −𝑈0  , 𝑤 = 0 

(6) 𝑟 → ∞   :  
𝜕𝑢

𝜕𝑟
= −𝑘̄ , 𝑤 = 2𝑘̄𝑧

 

Eq. (5) are the requirements for transpiration and no-

slip boundary conditions of a viscous fluid at the wall.  

Eq. (6) are derived from the inviscid potential flow 

solution. The first term in Eq. (6) implies that the gradient 

of velocity u in distant regions is similar to that in potential 
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flow. The second element in Eq. (6) represents the fact that 

the viscous fluid velocity w is equal to the velocity of 

potential flow at suitably distant positions from the 

cylinder wall. 

The followings are the boundary conditions and initial 

conditions for solving the energy equation. 

(7) 

𝑟 = 𝑎: 𝑇 = 𝑇𝑤(𝑡) 

𝑟 → ∞: 𝑇 = 𝑇∞ 

𝑡 = 0:𝑇(𝑟,0) = 𝑇(𝑟)𝑠𝑡𝑒𝑎𝑑𝑦−𝑠𝑡𝑎𝑡𝑒  

Where 𝑇𝑤(𝑡) is the time-dependent wall temperature. 

Also, 𝑇∞ is the constant temperature of the free stream. 

The variables in the governing equations can be reduced. 

Using the inviscid solution patterns of Eq. (6) and 

multiplying them by appropriate transfer functions, 

the below equations are proposed to reduce Navier-Stokes 

equations to dimensionless semi-similar equations: 

(8) u=-k̄
a

√η
f(η,τ),w=2k̄f '(η,τ)z,p=ρk̄2a2P 

Where 𝜏 = 2𝑘̄𝑡 and 𝜂 = (
𝑟

𝑎
)2 are dimensionless time 

and radius, respectively, and ( )' introduces derivative with 

respect to the variable 𝜂. Eq. (8) satisfy the continuity 

equation automatically, and by substituting them into 

momentum equations in the z and r directions at each time 

step, the ordinary differential equation or calculating f  

is derived, as shown below:  

(9) 𝜂𝑓‴ + 𝑓″ + 𝑅𝑒[ 1 − (𝑓 ′)2 + 𝑓𝑓″ −
𝜕𝑓 ′

𝜕𝜏
] = 0 

Where 𝑅𝑒 =
𝑘̄𝑎2

2𝜐
 is the Reynolds number Using  

Eqs. (5) and (6), the boundary conditions for Eq. (9)  

are obtained as: 

(10) 
η=1:f=S=

U0

k̄a
,f '=0 

𝜂 → ∞: 𝑓 ′ = 1 

The dimensionless temperature 𝜃(𝜂,𝜏) is used to convert 

the energy equation as follows: 

(11) 𝜃(𝜂,𝜏) =
𝑇(𝜂,𝜏) − 𝑇∞
𝑇𝑤(𝜏) − 𝑇∞

 

The energy equation is therefore expressed as follows 

using Eqs. (8) and (11): 

(12) ηθ
″+θ

'+RePr ( fθ'-
∂θ

∂τ
-
dTw(τ) dτ⁄

Tw(τ)-T∞

θ)=0 

Boundary conditions and initial condition of Eq. (12) are: 

(13) 
θ(1,τ)=1,θ(∞,τ)=0 

θ(η,0)=θ(η)steady-state 

As can be seen in Fig. 1, the cylinder is impinged by 

axisymmetric flow in all directions. With the sensor 

positioned as illustrated in the picture, the Prandtl number 

is Pr=0.7and the free stream temperature is 𝑇∞ = 30
∘C. 

 

Inverse problem 

All inverse solutions involving the minimization  

of an objective function use an optimization technique.  

The Levenberg–Marquardt algorithm is one such approach.  

It is an iterative method for tackling non-linear least 

squares parameter estimation problems. 

This approach is useful for tackling situations 

involving non-linear parameter estimation. Additionally,  

it is utilized to solve linear problems that are ill-posed [68]. 

As a result, it is used in this study to estimate time-

dependent wall temperature unknown parameters. 

The sensitivity analysis, iteration process, convergence 

criteria, and calculation algorithms are the primary stages of the 

Levenberg–Marquardt inverse technique, as detailed below. 

The inverse issue is the estimate of temporal fluctuations in 

wall temperature using sensor-measured transient temperature 

readings. Thus, 𝑇𝑤(𝜏) is an uncertain and time-dependent 

value, while 𝑌(𝜏)  is the transient temperature observed  

at the sensor site during the time period0 ≤ 𝜏 ≤ 𝜏𝑓 . 

𝑇𝑤(𝜏) − 𝑇∞is estimated using the temperatures 

observed at the sensor position at times 𝜏𝑖 ,𝑖 = 1,2,...,I.  

To solve this inverse issue, we assume that the unknown 

wall temperature function 𝑇𝑤(𝜏) − 𝑇∞ has the following 

generic linear form:  

(14) 𝑇𝑤(𝜏) − 𝑇∞ =∑𝑃 𝐶𝑗 𝑗(𝜏)

𝑁

𝑗=1

 

Pj denotes unknown parameters, while 𝐶𝑗(𝜏) denotes 

known trial functions, such as polynomials, splines, and  

so on, with N parameters. P should be calculated for this 

inverse heat transfer issue. The disparities between  

the observed and estimated temperatures are used to define 

the objective function to be minimized in this case. 

There are many techniques for developing an objective 

function, one of which is the least-squares approach,  

which is explained below [69]: 
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(15) 𝑆𝑝 =∑[𝑌𝑖 − 𝑇𝑖(𝑃)]
2

𝐼

𝑖=1

 

Where Sp denotes the sum of squares error and thus  

the objective function, it is necessary to minimize  

the objective function Sp in order to solve this inverse heat 

transfer issue and estimate the N unknown parameters 

𝑃𝑗 ,j=1,2,...,N. PT=[P1,P2,...PN] is the unknown parameter 

vector in (14). Additionally, 𝑇𝑖(𝑃) = T(P,τi) and 𝑌𝑖 = 𝑌(𝜏𝑖) 

represent the estimated and observed temperatures  

at time𝜏𝑖 . The approximate temperature 𝑇𝑖(𝑃) is determined 

by solving the direct problem (9, 12) at the measurement 

(sensor) location using the unknown factors 𝑃𝑗 ,j=1,2,...,N.  

 

A. Analysis of sensitivity and computational of the 

Jacobian matrix 

It is beneficial to study the inverse issue and the 

estimated parameter's sensitivity to unknown parameters 

before solving it. This study can provide a measure  

of the optimal temperature sensor location and criteria  

for the inverse solution's stability. The sensitivity 

coefficients are defined as follows: (16). 

(16) Jij=
Ti(P1,P2,...,Pj+εPj,...,PN)-Ti(P1,P2,...,Pj,...,PN)

εPj
 

Where 𝜀 = 10−6.  

The coefficients of (16) are the sensitivity matrix J's 

members. 

 

(17) 𝐽(𝑃) = [
𝜕𝑇𝑇(𝑃)

𝜕𝑃
]𝑇 =

[
 
 
 
 
 
 
 
𝜕𝑇1
𝜕𝑃1

𝜕𝑇1
𝜕𝑃2

⋯
𝜕𝑇1
𝜕𝑃𝑁

𝜕𝑇2
𝜕𝑃1

𝜕𝑇2
𝜕𝑃2

⋯
𝜕𝑇2
𝜕𝑃𝑁

⋮ ⋮ ⋯ ⋮
𝜕𝑇𝐼
𝜕𝑃1

𝜕𝑇𝐼
𝜕𝑃2

⋯
𝜕𝑇𝐼
𝜕𝑃𝑁]

 
 
 
 
 
 
 

 

 

N and I denote the total number of unidentified 

parameters and measurements, respectively. 

With tiny sensitivity coefficients, the inverse issue  

is referred to as an ill-posed problem, which means that it 

is susceptible to measurement mistakes and hence cannot 

be accurately estimated. Thus, coefficients with large 

absolute values are preferable, since they result in stable 

inverse analysis. 

 

B. The iterative procedure 

To minimize the least squares norm given by equations 

(15), we need to equate to zero the derivatives of S(P) with 

respect to each of the unknown parameters [P1,P2,... 𝑃𝐼], 

Such necessary condition for the minimization of S(P) can be 

represented in matrix notation by equating the gradient of S(P) 

with respect to the vector of parameters P to zero, that is: 

(18) 𝛻𝑆(𝑝) = 2[−
𝜕𝑇𝑇(𝑃)

𝜕𝑃
][𝑌 − 𝑇(𝑃)] = 0 

Where: 

(19) 
𝜕𝑇𝑇(𝑃)

𝜕𝑃
=

[
 
 
 
 
 
 
 
𝜕

𝜕𝑃1
𝜕

𝜕𝑃2
⋮
𝜕

𝜕𝑃𝑁 ]
 
 
 
 
 
 
 

[T1, T2, ⋯ TI] 

The transpose of Equation (19) is the sensitivity matrix 

which defined by Equation (17) previously.  

The elements of the sensitivity matrix are called  

the Sensitivity Coefficients. The sensitivity coefficient  

J is thus defined as the first derivative of the estimated 

temperature at the time t, with respect to the unknown 

parameter Pj, that is, 

(20) 𝐽𝑖𝑗 =
𝜕𝑇𝑖
𝜕𝑃𝑗

 

The sensitivity coefficient determined by relation (16) 

that introduced previously. By using the definition  

of the sensitivity matrix given by Eq. (17), Eq. (18) 

becomes: 

(21) −2𝐽𝑇(𝑃)[𝑌 − 𝑇(𝑃)] = 0 

The solution of Eq. (21) for nonlinear estimation 

problems then requires an iterative procedure, which  

is obtained by linearizing the vector of estimated 

temperatures, T (P), with a Taylor series expansion around 

the current solution at iteration k. Such a linearization is 

given by: 

(22) 𝑇(𝑃) = 𝑇(𝑃𝑘) + 𝐽𝑘(𝑃 − 𝑃𝑘) 

Where T(Pk) and Jk are the estimated temperatures and 

the sensitivity matrix evaluated at iteration k, respectively. 

Eq. (22) is substituted into Eq. (21) and the resulting 

expression is rearranged to yield the following iterative 
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procedure to obtain the vector of unknown parameters  

P [70]: 

(23) 𝑃𝑘+1 = 𝑃𝑘 + [(𝐽𝑘)𝑇𝐽𝑘]−1(𝐽𝑘)𝑇[𝑌− 𝑇(𝑃𝑘)] 

Such method is actually an approximation for the 

Newton (or Newton-Raphson) method. We note that  

Eq. (10), require the matrix JTJ to be nonsingular, or 

(24) |𝐽𝑇𝐽| ≠ 0 

Where |⋯ | is the determinant. If the determinant  

of JTJ is zero, or even very small, the parameters Pj, for  

j = 1, ..., N, cannot be determined by using the iterative 

procedure of equation (24). Problems satisfying |JTJ |=0 are 

denoted ill-conditioned. Inverse heat transfer problems are 

generally very ill-conditioned, especially near the initial guess 

used for the unknown parameters, creating difficulties in the 

application of the equation [24]. The Levenberg-Marquardt 

Method [68] alleviates such difficulties by utilizing  

an iterative procedure in the form: 

(25) Pk+1=Pk+[(Jk)TJk+μkΩ
k]
-1
(Jk)T[Y-T(Pk)] 

Where k is the damping parameter, a positive scalar 

value, and k is a diagonal matrix. 𝜇𝑘𝛺𝑘 is the damping 

parameter matrix utilized to moderate the oscillations and 

instabilities that contribute to the inverse problem's  

ill-conditioned nature. At the start of the iteration process,  

an enormous value is assumed for this parameter since  

the issue is often ill-posed around the initial estimate made for 

the iteration process. This parameter may differ significantly 

from the real values. As a result, at the beginning of the 

iteration, the Levenberg–Marquardt method tends toward the 

steepest descent method in which a tiny step is taken in the 

negative gradient direction. Then, as the iteration continues, 

the value 𝜇𝑘 is reduced; making the Levenberg–Marquardt 

method performs similar to the Newton-Gauss method. 

 

C. Convergence criterion 

To achieve convergence of Eq. (18), a convergence 

criterion is required to signal the end of the Levenberg-

Marquardt method's iteration process. This criterion 

prevents the observed errors from expanding and,  

in conjunction with the iteration method used for 

regularization, converts the inverse problem to a well-

conditioned issue. This research uses the following 

convergence criterion: 

(26) 𝑆(𝑃𝑘+1) < 𝜀1 

Where 𝜀1is the user-specified tolerance for terminating 

the minimization procedure, depending on the degree of 

distortion in the measured data. This criterion determines 

if the obtained solution sufficiently minimizes the goal 

function. 

 

D. Computational algorithm 

Assuming a starting assumption of 𝑃0  for the unknown 

parameter vector P and k=0 and 𝜇0 = 0.05, the following 

stages outline the Levenberg–Marquardt algorithm: 

1. Solve the direct problem using the initial guess for 𝑃𝑘, 

i.e. the initial guess for wall temperature, to obtain  

the temperature vector𝑇(Pk)=(T1,...,TI). 

2. Calculate 𝑆(𝑃𝑘) using Equation (15). 

3. Calculate the sensitivity matrix 𝐽𝑘defined by Eq. (17) 

and diagonal matrix 𝛺𝑘 using the current 𝑃𝑘 values.  

To calculate the diagonal matrix 𝛺𝑘, use the following relation. 

(27) 𝛺𝑘 = 𝑑𝑖𝑎𝑔[(𝐽𝑘)𝑇𝐽𝑘] 

4. Solve the following linear system of algebraic 

equations, obtained from the iteration of Eq. (25). 

(28) [(𝐽𝑘)𝑇𝐽𝑘 + 𝜇𝑘𝛺𝑘]𝛥𝑃𝑘 = (𝐽𝑘)𝑇[𝑌 − 𝑇(𝑃𝑘)] 

5. Calculate the new estimation of𝑃𝑘+1 as: 

(29) 𝑃𝑘+1 = 𝑃𝑘 +𝛥𝑃𝑘 

6. Solve the direct problem using the new estimate 𝑃𝑘+1 

and get the vector 𝑇(𝑃𝑘+1) and then calculate 𝑆(𝑃𝑘+1) 

using Equation (15). 

7. If  𝑆(𝑃𝑘+1) ≥ 𝑆(𝑃𝑘), then substitute 𝜇𝑘 with 10𝜇𝑘 and 

return to step 4. 

8. If 𝑆(𝑃𝑘+1) < 𝑆(𝑃𝑘), accept the new estimate𝑃𝑘+1  

and substitute 𝜇𝑘 with 0.1𝜇𝑘. 

9. Check the stopping criterion, Eq. (26). Stop the iterative 

procedure if it is satisfied. Else, substitute k with k+1 and 

return to step 3. 

 

RESULTS AND DISCUSSION 

The primary objective of this study is to estimate  

an unknown wall temperature in stagnation point flow  

on a cylinder using the Levenberg-Marquardt approach  

in the absence of knowledge about unknown functions. 

As shown in the previous section, the Levenberg-

Marquardt method has been applied to estimate the 
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unknown wall temperature at the impinging flow's 

stagnation area on the circular cylinder. Since no 

information is available on the unknown boundary 

condition, a ninth-order polynomial with unknown 

coefficients has been used for estimating wall temperature. 

The aim of this study is to determine the unknown 

coefficients by curve fitting based on the Levenberg-

Marquardt algorithm. 

The governing equations are discretized using the 

implicit Finite Difference approach. The time variable  

is assumed to be dimensionless, whereas the time 

step is taken to be 𝛥𝜏 = 0.01. The boundary temperature 

is calculated and the noise data sensitivity is tested in this 

research utilizing the observed temperature at a point. 

Noisy data are created by the use of (30). The suggested 

approach's stability under various noise levels is evaluated 

by using 𝜎 = 0.01𝑇𝑚𝑎𝑥 and 𝜎 = 0.03𝑇𝑚𝑎𝑥. 

(30) 𝑌(𝜏𝑖) = 𝑌𝑒𝑥(𝜏𝑖) +𝜔𝜎 

The above equation𝜎 is the standard deviation of the 

measurement errors and 𝜔 is a random variable with 

normal distribution, zero mean, and unitary standard 

deviation. For the present study, −2.576 ≤ 𝜔 ≤ 2.576 . 

Additionally, the relation 𝜀1 = 𝜎
2𝜏𝑓  is examined for noisy 

data, where 𝜏𝑓 is the final dimensionless time parameter. 

To determine the suggested algorithm's correctness,  

the exponential, sinus–cosine, triangular, and trapezoidal 

functions are studied for𝑇𝑤(𝜏) − 𝑇∞. 

The following sections provide detailed explanations 

of the time-dependent wall temperature: 

 

(31) 𝑇𝑤(𝜏) − 𝑇∞ = 30𝑒𝜏 − 5.55𝑒2𝜏
 

(32) 𝑇𝑤(𝜏) − 𝑇∞ = 50𝑠𝑖𝑛( 𝜏) + 20 𝑐𝑜𝑠( 3𝜏)
 

(33) 𝑇𝑤(𝜏) − 𝑇∞ = {
20 + 30𝜏𝑓𝑜𝑟0 < 𝜏 ≤ 0.6
49.7− 20𝜏𝑓𝑜𝑟𝜏 > 0.6

 

(34) 𝑇𝑤(𝜏) − 𝑇∞ =

{
 
 

 
 
30𝑓𝑜𝑟0 < 𝜏 ≤ 0.2
10 + 100𝜏𝑓𝑜𝑟0.2 < 𝜏 ≤ 0.4

50𝑓𝑜𝑟0.4 < 𝜏 ≤ 0.6
110 − 100𝜏𝑓𝑜𝑟0.6 < 𝜏 ≤ 0.8
30𝑓𝑜𝑟𝜏 > 0.8

 

Additionally, the temperature history at points 1  

is shown for both the actual and estimated values. 

 

 
Fig.2: Exact wall temperature vs. calculated wall 

temperature with Re=100 and S=-0.1 in the form of an 

exponential curve 

 

Figs. 2-5 are presented to confirm the performance 

of the inverse algorithm, in this case, the exact wall 

temperature function is 𝑇𝑤(𝜏) − 𝑇∞ = 30𝑒
𝜏 − 5.55𝑒2𝜏and 

as can be seen, there is a good overlap between the 

presented results and the exact function of wall temperature. 



Iran. J. Chem. Chem. Eng. Inverse Estimation of the Wall Temperature in Stagnation Region … Vol. 42, No. 9, 2023 

 

Research Article                                                                                                                                                                3009 

 

Fig. 3: Temperature history at point 1=1.02 with Re=100 and 

S=-0.1 in the form of an exponential function for calculated 

wall temperature vs. exact wall temperature 

 

 
Fig. 4: Exact wall temperature vs. calculated wall temperature 

with Re=100 and S=-0.1 using noisy data (𝝈 = 𝟎. 𝟎𝟏𝑻𝒎𝒂𝒙 vs. 

calculated wall temperature using an exponential formula 

 

 
Fig. 5: Calculated wall temperature using noisy data with 

Re=100 and S=-0.1. (𝝈 = 𝟎. 𝟎𝟑𝑻𝒎𝒂𝒙vs the precise wall 

temperature as an exponential function 

 

As shown in the previous section, the Levenberg-Marquardt 

method has been applied to estimate the unknown 

boundary condition (time- dependent temperature.  

wall temperature) in the stagnation region of the impinging 

 

 
Fig. 6: Exponential function of the calculated wall 

temperature with Re=100 and S=0.1 vs. the actual wall 

temperature 

 

 
Fig. 7: The estimated wall temperature with Re=300 and S=-0.1 

is plotted against the actual wall temperature using a sinus–

cosines function 

 

 
Fig. 8: Conversion of the calculated wall temperature with 

Re=300 and S=0.5 to the precise wall temperature using a 

sinus–cosines function  

 

flow on the circular cylinder. Since no information  

is available on the unknown boundary condition, ninth-order 

polynomial (𝑇𝑤(𝜏) − 𝑇∞ = ∑ 𝑃𝑗𝜏
𝑗)9

𝑗=0   with unknown 

coefficients has been used for estimating wall heat. 
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Fig. 9: The calculated wall temperature with Re=150 and  

S=-0.1 is plotted against the actual wall temperature using  

a triangular function 

 

 
Fig. 10: The calculated wall temperature with Re=150 and 

S=0.5 vs the actual wall temperature as a triangle curve 

 

 
Fig. 11: A trapezoidal curve representing the calculated wall 

temperature with Re=300 and S=-0.1 vs. the exact wall 

temperature 

 

The aim of this method is to determine the unknown 

coefficients of the proposed polynomial by curve fitting 

based on the Levenberg-Marquardt algorithm. 

Maximum and minimum values of the |𝐽𝑖𝑗|for the case 

of Re=100 and S=-0.1 are 0.1693 and 2.8105 respectively. 

The results show that in the initial times, the sensitivity 

 
Fig.12: Comparison of calculated wall temperature with 

Re=300 and S=0.5 to actual wall temperature using a 

trapezoidal function 

 

 
Fig. 13: Exact wall temperature vs. calculated wall temperature  

with Re=100 and S=0.1 using noisy data (𝝈 = 𝟎. 𝟎𝟏𝑻𝒎𝒂𝒙) 

 

 
Fig.14: Exact wall temperature vs. calculated wall 

temperature with Re=100 and S=0.1 using noisy data (𝝈 =

𝟎. 𝟎𝟑𝑻𝒎𝒂𝒙) 

 

to the P0 parameter is lower compared to other parameters 

because it has a higher sensitivity coefficient and the 

sensitivity coefficient of other parameters is almost equal 

to zero this means that in the initial times, the estimated 

parameters are not suitable for estimating unknown 

functions but in later times, the sensitivity coefficient of P0  
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Fig.15: Calculated wall temperature with Re=300 and S=-0.1 

using noisy data (𝝈 = 𝟎. 𝟎𝟏𝑻𝒎𝒂𝒙vs. precise wall temperature 

as a sinus–cosines function 

 

 
Fig.16: Calculated wall temperature with Re=300 and S=-0.1 

using noisy data (𝝈 = 𝟎. 𝟎𝟑𝑻𝒎𝒂𝒙vs. precise wall temperature 

as a sinus–cosines function 

 

 
Fig.17: Calculated wall temperature with Re=300 and S=0.5 

using noisy data (𝝈 = 𝟎. 𝟎𝟏𝑻𝒎𝒂𝒙 vs. precise wall temperature 

as a sinus–cosines function 

 

decreases and in contrast, the sensitivity coefficient  

of other parameters increases and leads to convergence  

of iteration method. Figs. 6 to 12 illustrate the aforementioned 

functions as well as those derived using the inverse approach 

for chosen Reynolds numbers, followed by the inverse 

 
Fig. 18: Calculated wall temperature with Re=300 and S=0.5 

using noisy data (𝝈 = 𝟎. 𝟎𝟑𝑻𝒎𝒂𝒙vs. the precise wall 

temperature as a sinus–cosines function 

 

 
Fig. 19: Calculated wall temperature with Re=150 and S=-0.1 

using noisy data (𝝈 = 𝟎. 𝟎𝟏𝑻𝒎𝒂𝒙vs. the precise wall 

temperature as a triangle function 

 

 
Fig. 20: Calculated wall temperature with Re=150 and S=-0.1 

using noisy data (𝝈 = 𝟎. 𝟎𝟑𝑻𝒎𝒂𝒙 vs. the precise wall 

temperature as a triangle function 

 

solution for the noisy data. As predicted, in circumstances 

where triangle and trapezoidal functions are used to 

estimate the curves, sharp corner points complicate 

estimation and increase the RMS error. In the case of 

suction at the wall (S>0), by increasing the temperature  
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Fig. 21: Calculated wall temperature with Re=150 and S=0.5 

using noisy data (𝝈 = 𝟎. 𝟎𝟏𝑻𝒎𝒂𝒙vs. the precise wall 

temperature as a triangle function 

 

 

Fig. 22: Calculated wall temperature with Re=150 and S=0.5 

using noisy data (𝝈 = 𝟎. 𝟎𝟑𝑻𝒎𝒂𝒙vs. the precise wall temperature as 

a triangle function  

 

 

Fig. 23: Calculated wall temperature with Re=300 and S=-0.1 

using noisy data (𝝈 = 𝟎. 𝟎𝟏𝑻𝒎𝒂𝒙vs. the precise wall 

temperature as a trapezoidal function 

 

gradient at the cylinder surface and decreasing the thermal 

boundary layer thickness, the heat transfer rate is increased, 

and estimation of unknown functions becomes more 

accessible than before. Nevertheless, as expected, surface 

blowing(S<0) acts completely reverse.  

Different function forms and various values of Reynolds 

 

Fig.24: Calculated wall temperature with Re=300 and S=-0.1 

using noisy data (𝝈 = 𝟎. 𝟎𝟑𝑻𝒎𝒂𝒙vs. the precise wall 

temperature as a trapezoidal function 

 

 
Fig.25: Calculated wall temperature with Re=300 and S=0.5 

using noisy data (𝝈 = 𝟎. 𝟎𝟏𝑻𝒎𝒂𝒙vs. the precise wall temperature 

as a trapezoidal function 

 

 

Fig.26: Calculated wall temperature with Re=300 and 

S=0.5 using noisy data (𝝈 = 𝟎. 𝟎𝟑𝑻𝒎𝒂𝒙vs. the precise 

wall temperature as a trapezoidal function 

 

numbers have been used to investigate the stability and 

the accuracy of the solution method.  Since our aim  

has been to examine different ranges of Reynolds numbers 

and surface transpiration rates we considered the different 

combinations of Re and S. As can be seen in the Figures. 

related to temperature history, surface blowing causes 
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Table1: RMS error for the exponential function of wall 

temperature 

RMSe Dimension less 

transpiration =0.03Tmax =0.01Tmax =0 

0.209 0.108 0.0019 S=-0.1 

0.293 0.127 0.0021 S=0.1 

 

Table 2: RMS error for sinus–cosines function of wall 

temperature 

RMSe Dimension less 

transpiration =0.03Tmax =0.01Tmax =0 

0.237 0.058 0.0069 S=-0.1 

0.246 0.061 0.0038 S=0.5 

 

Table 3: RMS error for the triangular function of wall 

temperature 

RMSe Dimension less 

transpiration =0.03Tmax =0.01Tmax =0 

0.388 0.287 0.233 S=-0.1 

0.386 0.304 0.221 S=0.5 

 

Table 4: RMS error for the trapezoidal function of wall 

temperature 

RMSe Dimension less 

transpiration =0.03Tmax =0.01Tmax =0 

0.427 0.379 0.316 S=-0.1 

0.425 0.376 0.313 S=0.5 

 
more heat transfer from the hot wall to the fluid and 

increased the fluid temperature whereas surface suction 

absolutely acts vice versa and leads to a decrease in the 

fluid temperature. The Root Mean Square (RMS) error is  

a convenient metric for assessing the accuracy of 

Levenberg–Marquardt parameter estimate.: 

eRMS=√
1

I
∑[Tw(τi)est-Tw(τi)ex]2
I

i=1

 (35) 

Where 𝑇𝑤(𝜏𝑖)𝑒𝑠𝑡is the estimated function at time 𝜏𝑖, 

𝑇𝑤(𝜏𝑖)𝑒𝑥denotes the precise function at time 𝜏𝑖, and I 

denote the total number of measurements. The Root Means 

Square (RMS) error is a measure of the difference between 

the estimated and actual values of a function. The collected 

findings indicate that the trapezoidal function has the 

biggest RMS error owing to the function curve's sharp 

corner points. As it is shown by the accompanying curves 

corner points. As it is shown by the accompanying curves 

and tables, as well as the computed errors, the suggested 

technique is deemed to have an acceptable degree of 

accuracy. 

The influence of noisy data on the estimate of time-

dependent wall temperatures is seen in Figs. 13 to 26.  

The deviation between the estimated and real wall 

temperatures increased as the standard deviation of 

measurement errors increased from =0.01Tmax to 

=0.03Tmax, and as can be seen, noisy data results  

in a greater deviation of the obtained results than exact  

data, because according to Eq. (30), noise in measured data 

by the sensor results in error in Eq. (15). 

Additionally, the RMS errors associated with these 

findings are shown in Tables 1 to 4. 

As shown in the tables, the error values for estimating 

triangular and trapezoidal functions are greater than  

those for exponential and Sinus-cosines functions, owing 

to the most difficult to recover using inverse analysis. fact 

that the high gradient changes are not completely 

recovered by the estimation function, and some 

oscillations near the singular points are observed.  

We observe that functions with discontinuities and sharp 

comers (i.e., discontinuities in their first derivatives) are  

Generally, the outcomes are dependent on the physical 

nature of the issue, the number of estimated parameters, 

the starting assumption, and so forth. 

 

CONCLUSIONS 

The study presents a semi-similar solution to the 

axisymmetric inverse issue for the estimate of time-

dependent wall temperature based on the observed 

temperature distribution at a location in the permeable 

wall's stagnation zone. The ninth-order polynomials 

function with coefficients produced via the Levenberg–

Marquardt parameter, estimation approach was used to 

estimate the unknown boundary condition. The RMS error 

was computed for many samples and it was discovered that 

the error is the greatest for the trapezoidal function owing 

to its sharp corners. Additionally, in the majority of 

situations, the RMS error rises as the rate of surface 

blowing increases due to the displacement of the thermal 

boundary layer from the surface.  Among the considered 

functions, the trapezoidal function is the most difficult  

to fit with the inverse approach and is therefore chosen  
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to evaluate the algorithm’s accuracy. The proposed method  

in this paper is a general approach that can be applied  

to inverse heat transfer problems with axisymmetric stagnation 

flow. Based on the analyzed situations and the fact that  

no previous knowledge of the structure of the unknown 

function is needed, as well as the acceptable stability 

against noisy data, it is concluded that this methodology  

is an effective way of estimating the time-dependent wall 

temperature. 

 

Nomenclature 

A Cylinder radius[m] 

C Known trial functions used in Levenberg-

Marquardt method 

eRMS Root mean square error 

f    Dimensionless function defining velocity field 

S Dimensionless transpiration 

Sp Sum of squares error 

I   Number of measurements 

J Sensitivity matrix 

𝑘̄ Free stream strain rate[1/s] 

N Number of unknown parameters 

𝑝 Fluid pressure[N/m2] 

𝑃 Dimensionless pressure 

Pr Prandtel number 

Pk Vector of unknown parameters at current 

iteration 

𝑟,𝑧   Cylindrical coordinates[m] 

𝑅𝑒 Reynolds number 

𝑇 Temperature [°C] 

𝑢 Radial component of the velocity field[m/s] 

U0 Velocity of suction or blowing at the 

wall[m/s] 

𝑤 Axial component of the velocity field[m/s] 

𝑡 Time[s] 

tf Final time[s] 

𝑇= Free stream temperature[°C] 

Tw(t) Time-Dependent wall temperature[°C] 

Tmax Maximum temperature measured by 

sensor[°C] 

Y Measured transient temperature in the sensor 

position[°C] 

𝜂 Dimensionless radius 

𝜃 Dimensionless temperature 

 Dimensionless time 

𝜇 Dynamic viscosity [(N.s)/m2] 

𝜇𝑘 Damping parameter 

 Kinematic viscosity[m2/s] 

 Fluid density[kg/m3] 

𝛼̅ Fluid thermal diffusivity coefficient[m2/s] 

𝜎 Standard deviation of measurement errors 

𝜔 Normal distribution 

k Diagonal matrix 

𝜀1 Tolerance for stopping the minimization 

process 

𝛥𝜏 Dimensionless time step
 

𝜏𝑓 Final  dimensionless time
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