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ABSTRACT: The main objective of this framework is to establish the modeling and simulation of
mixed convection flows along with a curved stretching sheet with Sisko fluid. The impacts of thermal
radiation and first-order chemical reaction are also incorporated to illustrate the heat and mass
transfer phenomenon. In addition, the convective condition is deliberated to discuss the heat transfer
mechanism. The normalized conservation equations emerge as a system of non-linear
two-dimensional coupled Partial Differential Equations (PDESs). Under appropriate transformation,
these equations are converted into Ordinary Differential Equations (ODES). Numerical procedures
are examined in this study for various active parameters. A significant declining behavior of
the velocity profile is depicted with an increase in mixed convection and buoyancy ratio parameter.
An enhancement conduct in the temperature of the fluid is reported through the growing values of
radiation parameter and Biot number. A remarkable decreasing trend is addressed by the higher
values of the chemical reaction parameter while plotting the concentration profile of the fluid.
Moreover, the resistive forces, heat, and mass transfer rates are discussed in tabular form. A
comparison with shooting and RK-45 Fehlberg method is illustrated to show the validity of the present
scheme. Thus the present consequences are well correlated with the existing literature.
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INTRODUCTION

demise. A large number of studies [1-5] are carried out
to explore the features of thermal radiation on flow and
heat transfer. These types of flows are affected by the
external agencies on the rate of flow and heat transfer.
Krishnamurthy et al. [6] reported the effect of chemical
reaction and thermal radiation on boundary layer slip flow
and melting heat transfer of nano-liquid due to nonlinear
stretched surface. Motsumi and Makinde [7] addressed
the effects of viscous dissipation and radiation on boundary
layer flow of nano-fluids over a permeable moving flat
plate. Hayat et al. [8] illustrated the Soret and Dufour
effects on the radiative 3D fluid flow. Moreover,
the reactive hydro-magnetic heat producing liquid flow
with thermal radiation inside porous channel with symmetrical
convective cooling is elucidated by Hassan et al. [9].

Mixed convection spectacle is of huge significance
since flow is driven affected by double forces. Mixed
convection is wanted when just the forced convection or
the natural convection is not adequate to accomplish the
outcomes. The relative commitment of natural or forced
convection relies on the flow conduct (laminar flow or
turbulent flow) and temperature of the liquid. Mixed
convection occurrence has uses in a few modern and
designing procedures like water transportation framework,
chilling of reactors, cooling frameworks, electronic gadgets
cooling process and synthetic partition instruments.
The skin sweating and vasodilatation in variable atmosphere
circumstances are bolstered by radiation and mixed convection.
At the point when surroundings temperature is not as
much as that of body temperature, the body can go
through heat over conduction and radiation. In this regard,
Sparrow et al. [10] built up the comparability solution for
the mixed convective boundary layer flow. Later on
many researchers [11-15] attempted such phenomenal
work to explore the impacts of gravity in fluid flow
problems. Other than this, the concurrent results of thermal
radiation and mixed convection is of prime hugeness in
human physiology organs especially in brain, heart, liver and
in tightening of skeletal muscles. Mixed convection flow
along the vertical surface is considered to obtain the
similarity solution when the free stream velocity is
uniform which was discussed by Merkin and Pop [16].
Nadeem and Saleem [17] explored the mixed convection
effects on Eyring Powell liquid on the rotating frame.
Noor et al. [18] demonstrated the micro-polar nano-liquid
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flow with the influence of micro-rotation in the presence
of mixed convection phenomenon. Haq et al. [19] studied
the mixed convection flow along a vertically heated
surface. Turkyilmazoglu [20] described analytically the
importance of MHD mixed convection flow of micropolar
fluid over a cooled/heated deformable plate. Furthermore,
Turkyilmazoglu [21] reported the analytical solutions of
MHD mixed convection flow of a fluid over a nonlinear
permeable stretching surface. Recently, Modeling of MHD
and stagnation point flow of thixotropic fluid with non-uniform
heat absorption/generation studied by Hayat et al. [22].

A step toward building of boundary layer flow
characteristics without stretching surfaces is almost
incomplete. Since this phenomenon is playing an
important role in industries, metallurgical engineering
process etc. Utilization of stretching phenomenon
contains the most important physical properties,
i.e., growing of crystals, glass blowing, drawing and paper
production, aerodynamics extrusion of plastic sheet and
fibers etc. To develop and design equipment and new
machines with high rate of heating/cooling for which
a lot of work is carried out by many engineers
and scientists. Crane [23] is one of those who discussed
the fluid flow over a stretching surface. Various attempts [24, 25]
were made to demonstrate different physical
features with Newtonian and non-Newtonian fluid flows
due to linear and nonlinear stretching surfaces. But, the fluid
flow due to curved stretching surface has been not deliberated
appropriately. Examination of fluid flow concerning
linear stretching of curved surface was firstly presented
by Sajid et al. [26]. In the aforementioned work
the authors described the impact of curvature inside
the boundary layer flow over curved surface. Abbas et al. [27]
discussed the flow and heat transfer analysis in the
presence of magnetic field due to curved stretching surface.
Rosca and Pop [28] reported the flow of unsteady
Newtonian fluid over a curved stretching surface. Flow
of Newtonian fluid along a nonlinear curved stretching
surface was considered by Sanni et al. [29].

The word fluid flow today is a main them for
industrialist, engineers, and scientists. Attraction towards
fluid flow phenomenon is going to be very interesting.
But the most important applications are about the flow
of non-Newtonian fluid rather than viscous fluids.
Though, the viscous fluids follows Newton's law of viscosity
which is a direct relationship between shear stress
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and shear rate. But there are a lot of fluids like shampoo,
ketchup, paints and mud etc. have a nonlinear relationship
between shear stress and shear rate. Because of this reason
such types of fluids are categorized as non-Newtonian
fluids. Recently, extensive attention has been grew
by the flows of non-Newtonian liquids in fermentation, composite
processing, bubble columns, boiling, plastic foam processing,
bubble absorptions and so forth. Flow, heat and mass
transfer in non-Newtonian liquids due to moving surfaces
have broad applications in medicinal companies (i.e.
pharmaceutical medicinal technology) production of
paper and polyethylene, cooling of elastic sheets, polymer
extrusion, fiber technology, food processing and numerous
others studies by authors [31-37]. Moreover, these studies
have a lot of deficiencies i.e., to describe the shear thinning
and shear thickening liquid properties. In this regard,
coupled of investigations are carries out by few
researchers [38-40]. Specifically, Ahmad et al. [41]
addressed the effect of nanoparticles and magnetic field
in the flow of Sisko fluid over a bidirectional stretching
surface. Where they observed a negligible effect of Brownian
motion parameter on the temperature profile for the recommended
revised relation. Recently, Malik and Khan [42] illustrated
the effect of homogenous-heterogeneous reactions
in the flow of Sisko fluid past a stretched cylinder.

The exploration of non-Newtonian liquids occufying
a stretching surface is one of the substantial phenomenon
during the preceding few eras. Due to this non-negligible
importance, the present illustration is a step toward filling
of such shortages. However, in this exploration the impact
of mixed convection, thermal radiation and chemical
reaction with convective boundary conditions in the flow,
heat and mass transfer scrutiny is considered.
Additionally, all the governing flow, heat and mass
transfer equations are modeled in the curvilinear
coordinate system. Numerical approach is used to display
all the results in graphical form. Specially, flow pattern
is discussed with the help of streamlines which shows
a significance impacts of the sundry parameters. Present
outcomes are verified with another numerical scheme,
namely shooting method with RK-45 Fehlberg.

PROBLEM FORMULATION

The mixed convection incompressible Sisko fluid flow
over a curved surface is considered. Thermal radiation and
chemical reaction are utilized to perform a critical analysis
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about the heat and mass transfer mechanisms. Furthermore,
the effect of convective condition is presented to address
the convection process in the fluid flow. The flow diagram
is coiled in a circle with radius of curvature R and stretched
with velocity U,, = cs along s —direction with fluid forming
a boundary layer in r —direction (see Fig. 1). The surface
shall be more curved for smaller values of R and
shall be made flat for larger value of R. The temperature
and concentration of the fluid are T, and Cy while far away
from the curved surface these are T , and C , respectively.
For a steady flow, the governing equations [43] involving
of the continuity, momentum, temperature and concentration
equations, respectively, are illustrated in the curvilinear
coordinate structure as:
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Subjected to the following boundary conditions:
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The governing flow problem is reduced into ordinary
differential equations by using the following transformations.
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In order to incorporate the effect of thermal radiation,
Rosseland [44] utilized the radiative heat flux on optically
thick media and is defined as

4c oT?
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3k~ or

©)

Under the assumption of temperature variances inside
the flow are appropriately small, we may swell the term T*
as a linear function of temperature in a Taylor series about
T, and disregarding the greater terms, one can get
T* =3T3T — 3T

By plugging (8), Eg. (1) is identically satisfied
and Eqs. (2) and (3) are taking the following form
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Substituting Eqg. (10) into Eq. (9) by using Eq. (8)
in Egs. (4) to (7), we get the following form
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All the flow parameters which lead the whole flow
problem are listed below:
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The local skin friction coefficient, Nusselt number and
Sherwood number are the physical quantities of interest
and are defined by the following relations
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Table 1: Comparison of bvpdc with shooting method,
for different values of K whenn=3, A=2.8and ki=k2=0.1.

Radiation and Mixed Convection Effects on Chemically Reactive ...

. D)
Parameter - —Rel!C, ~IRellC,
2 2
K Bvp4c results Shooting results
6 2.411551 2.411550
10 2.172554 2.172553
14 2.080998 2.080996
18 2.032922 2.032920
- J
T s
C, = — ,NuS:L, a7
1/2pU7, k(T -T..)
s
Sh . = L
D B (Cf -C, )

To obtain relation for local skin friction, Nusselt
number and Sherwood number, we use the transformation
defined in Eq. (8) in Eq. (16)

LRepic, = a(f7(0) - 1/(0)) + (18)
(Fro-1r©)"

1

Re,™Nu, = —(1 + R)0'(0), (19)
1
Re, ™ 5h, = '(0), o

METHODOLOGY VALIDATION

Problem under consideration for testing the impacts
of different flow parameters is handled through numerical
method. Specially, the effects of main governing flow
parameters are presented in the form of graphs and tables.
Moreover, the results obtained during the implementation
of bvpdc are compared with the results obtained
by shooting method [42]. All the outcomes are matched
with each other as shown in Table 1. Present outcomes
are further compared with previous published data by
Abbas et al. [27] and Sanni et al. [29] in the limiting cases
and as shown in Table 2.

RESULTS AND DISCUSSION

In order to incorporate the influence of mixed
convection and chemical reaction phenomena on the flow
of Sisko fluid in the presence of thermal radiation
and convective conditions over a curved surface we made
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a numerical study. The highly non-linear problem given
by Egs. (12) to (14) subjected to boundary conditions (15) and (16)
is considered for the elucidation in the form of graphs
through bvp4c. All the flow parameters are tested in terms
of flow pattern, velocity, temperature, concentration and
prssure profiles. The drag forces, rate of heat and mass
transfer are described with the help of local skin friction,
Nusselt number and Sherwood number, respectively.
All outcomes are presented with both the properties, i.e.,
shear-thinning and shear-thickening fluids. Like radius of
curvature (K), the material parameter (A4), mixed
convection parameter (k;), buoyancy ratio parameter
(k,), power-law index (1), Prandtl number (Pr), radiation
parameter (Rd), Biot number (y;), chemical reaction
parameter (Rc) and Schmidt number (Sc) are the
parameters which govern the flow in curvilinear
coordinates system.

Flow pattern

The impact of flow parameters on the flow pattern
is illustrated through graph and is shown in Figs. 2(a,b).
In this graph, both cases of shear thinning as well as shear
thickening fluids are discussed. Where all the other flow
parameters like Re, = 1000, c =6, A=3.8, K =2,
k, = k, = 0.3 are kept fixed. The preceding Figs. show
a non-uniform flow pattern near the curved surface and
away from the curved surface the pattern is symmetric
about the horizontal axis due to equal forces of buoyant
flow. Through Figs. 3(a, b), a flow pattern is demonstrated
for K = 1000 while keeping all other parameters fixed.
Where this value of K shows almost a flat surface.
A uniform flow pattern about the horizontal axis near
the curved surface is reported, where the boundary layer
depicts that the fluid particles are stretched away from
the origin. Fig. 4(a) shows a flow pattern in the presence
of mixed convection and buoyancy ratio parameter, when
n=1,A=0and K = 5. However, Fig. 4(b) represents a
flow pattern in the absence of mixed convection and
buoyancy parameter, when n=1, A=0 and K =5.
The flow pattern in both Figs. is portraying for Newtonian fluid
and these display a uniform conduct near the curved
surface as well as away from the curved surface. Near
the curved surface the flow is stretched away from the slot and
away from the curved surface a constant pattern
is reported. Flow pattern represented in Fig. 5(a) is
the influence of k; and k, while keeping the other parameters
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Table 2: Comparison of the present work with previous results for different values of K when N =1, A=0and k1 =k2=10.1

4 e T - A
Parameter _;Regﬂcf _;Regﬂcf _;Regucf
K Present results Abbas et al. [27] Sanni et al. [29]
5 1157641 1.1576 1.1576
10 1.073495 1.0735 1.0734
20 1.035613 1.0356 1.0355
" 1.023533 1.023 1.0235
0 1.017587 1.0176 1.0176
50 1.014049 1.0141 1.140
100 1.007039 1.0070 1.0070
200 1.003564 1.0036 1.0036
1000 1.000799 1.0008 1.0008
1.000179
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Fig. 2: Streamlines pattern for (a) n = 0.8 and (b) n = 1.8 when K=2.
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Fig. 5: Streamlines pattern for (@) n=2, A=0and ki1 =k2=0.3 (b)) n=0.8, A=3.8 and k1 = k2= 0.0 when K =5.

fixed, likely whenn =2, A = 0 and k; = k, = 0.3. Here
a very small portion of the flow pattern contributing in the
laminar boundary layer, i.e., the stretched flow away from
the slot carrying a very little portion. Also the flow
is symmetric about the horizontal axis. From Fig. 5(b),
we concluded that for shear thinning fluid, the flow pattern
near the stretched surface illustrates a remarkable conduct
and the flow is symmetric about horizontal axis.

Velocity profile

The influence of A and K on f'(n) is demonstrated
through Figs. 6(a-d). The impact of increasing values of A
on f'(n) is reported in escalation conduct for shear
thinning as well as shear thickening fluids. As a result
the boundary layer thickness also increases in both cases.
Additionally, the effect of A in the shear thickening case
are more prominent as compared to the shear thinning
case. In the aforementioned Fig., effect of increasing
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values of K is noticed in escalating conduct
for pseudoplastic as well as dilatant fluids. But the result
is very prominent in case of pseudoplastic fluid. Physically,
the growing values of K shows that the curved surface
is going to reduce to the planner sheet. Where the velocity
of the fluid is almost higher than the velocity of fluid
at the curved surface. An increasing behavior for both shear
thining and shear thickening fluids is observed for growing
values of k, through Figs. 7(a, b). In physical point of
view, growing values of ki rises the buoyancy forces
and as a result increases gravity due to which velocity the fluid
enriches. Again an uplifting effect of f'(n) is also reported
with the increasing values of k; and is presented through
Fig. 7(c, d), while testing both properties, i.e., shear
thinning as well as shear thickening fluids. This is due to
an increase in the concentration of buoyancy force
via higher values of k, yields higher viscosity.
The results are very significant in case of shear thinning fluid.
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The associated boundary layer thickness also increases
with increasing values of these parameters.

Temperature profile

To describe the impacts of A and K on 6(n), we have
plotted Figs. 8(a-d). All these Figs. depict a diminishing
conduct while increasing values of A and K. The shear
thinning and shear thickening fluids charactiristics
are studied in all four graphs of 8 (7). Physically, for growing
values of A, the temperature of the fluid reduces due to
high shear rate causesing low viscosity. On the other hand
for growing values of K physically tells about
the increment in velocity and as a result the fluid particles
are move away from each other and this is why
the temperature of the fluid decreases.

In Fig. 9(a, b), the decreasing effect of increasing
values of k; on 8(n) is observed for shear thinning as well
as shear thickening fluids. Physically, for increasing
values of k;, the buoyancy forces are higher which
increases the gravity and which leads to the declining
effect in temperatuer of the fluid along with thermal
boundary layer thickness. A diminishing behavior of 8 (1)
for shear thinning and shear thickening fluids via
intensifying values of k, is investigated through Fig. 9(c, d).
Physically, with growing behavior of concentration
buoyancy forces yields a higher viscosity. A close view of
Figs. 8 and 9 reveal that the boundary layer thickness is
higher in case of shear thinning fluid as compared to the
shear thicknening fluid. Increasing values of Rd and y,
for (0 <n< 1) and (n > 1) are responsible for larger
6(n) and associated thermal boundary layer thickness
as shown in Figs. 10(a-d). Physically, radiation rises
the temperature of the fluid. On the other hand the augmented
values of y, causes an enhancement in convection and
as a result the resistance of thermal sheet is reduced.

Concentration profile

The depiction of K is measured through Figs. 11(a, b).
An uplifting influence of this parameter on ¢ () is plotted
in the presence of shear thinning and shear thickening
conditions. The curvature parameter enhances the
concentration profile and associated concentration
boundary layer thickness in shear thinning fluid. However,
an opposite trend is noticed for shear thickening fluid.
On other hand, for larger values of mixed convection
parameter k,, reduction in the concentration of the fluid
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is noticed for both cases as shown in Figs. 12(a, b). From
physical point of view, the decrease in concentration is due to
encouraging pressure gradient and which is because of
the action of buoyancy forces. Thus larger buoyancy forces
backings in upward direction and as a result ¢(n) is
declining. Figs. 13(a, b) presents the impacts of Rc on ¢ (1)
with shear thinning and shear thickening fluids property.
A meaningful diminishing demeanors are detected with
the variation of aforesaid parameter. Physically, when (Rc > 0)
shows a destruction in chemical reaction and for (Rc < 0)
the chemical reaction is generative. Additionally,
the concentration is reduce in case of destructive chemical
reaction while it increases in case of generative chemical
reaction. The associated boundary layer thickness also
reduces in the case of destruction of chemical reaction.

Pressure profile

The effect of decreasing values of curvature parameter
on the magnitude of P(n) inside the boundary layer

Research Article

is detected in enhancing conduct and is shown in Fig. 14(a, b)
for Sisko fluid and Newtonian fluids, respectively.
It can be described on the foundation of curvilinear nature
of the surface. Rising the curvature of the curved surface which
causes secondary flow under the action of centrifugal force
and due to this action the fluid particles directed toward
the curved path along the surface of the sheet. Yet,
the pressure tends to zero far from the boundary. This
is because of the fact that as we travel away from
the boundary the stream lines of the flow conduct in the same
way as they do in the flow past a planner sheet. However,
near to the curved surface the magnitude of the pressure
is growing function of reducing values of K. Here give
a comparison between Sisko and Newtonian fluids. Through
Fig. 14(c) a growing manner in the magnitude of P(n)
is due to the diminishing values of A. Physical reasoning
about the reducing values of A tells us about the reduction
in the viscosity of fluid which causes growth in the shear
rate of the fluid flow. Fig. 14(d) shows the increasing
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variation in the magnitude of P(n) inside the boundary Local skin friction, Nusselt and Sherwood numbers
layer and this is because of increasing values of mixed Figs. 15(a, b) are illustrated to describe the features
convection parameter k,. Physical reasoning behind of the resistive forces. In these graphs, the skin friction
this phenomenon is that k, enhances the buoyancy forces with the influence of K and k; via A is plotted. The skin
and which uplifting the gravity due which the magnitude friction shows a declining conduct for the said increasing
of the pressure inside the boundary layer escalated. parameters values. The effect of increasing radiation
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Table 3: Local Nusselt and Sherwood numbers for different values of K, Pr, Sc whenn =0.8, A=3.8,
n —=>oand ki=k2=Rd=Rc=0.

/ K Pr -06'(0) K Sc -@'(0) \
2 1.2 0.7702742 2 0.7703336
4 0.7589168 4 0.7589168
6 0.7519532 6 0.7520098
2 1.0 0.6987988 2 1.0 0.6988478
1.2 0.7702742 1.2 0.7703336
\ 14 0.8365209 14 0.8365909 /
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Fig. 15: Influence of K, ki1, Rd and Rc on skin friction, Nusselt number and Sherwood number.

parameter is tested in the graph of Nusselt number via Pr and
is shown in Fig. 15(c). This influence is detected in the growing
conduct. The rate of mass transfer is further demonstrated
through Fig. 15(d), where an increase in Rc causes the
enhancment in the mass transfer rate via Sc. The local Nusselt
and Sherwood number is computed and presented through
Table 3 with increasing conduct for increasing values
of curvature parameter and an opposite trend is observed
for Prandtl and Schmidt number, repectively.

Research Article

CONCLUSIONS

The effects of mixed convection, thermal radiation,
chemical reaction and convective boundary conditions
on the radiative flow of Sisko fluid over a curved surface
was explored in this work. All the outcomes are expressed
in the form of velocity, temperature, concentration
and pressure graphs. The outcomes were also validated
through another numerical method namely shooting
method as well as with the previous published works.
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Main findings of the present study are illustrated
in the following paragraph.

The mixed convection and buoyancy parameters
enhanced the velocity of the shear thinning as well as shear
thickening fluids flow. On the other hand, a reverse trend
was observed with plotting of temperature of fluid with
effects of same parameters. The radiation parameter and
Biot number uplifted the temperature of the fluid with
shear-thickening as well as shear thinning property.
A reduction in concentration of the fluid was noticed with the
impact of mixed convection and chemical reaction
parameter with pseudoplastic as well as dilatant fluids
property. Magnitude of the pressure inside the boundary
layer was increasing function of mixed convection
parameter. However, for higher values of material
parameter, the magnitude of pressure inside the boundary
layer was noticed in decreasing order. The skin friction
was reducing during the uplifting values of mixed
convection parameter via material parameter. The skin
frcition graphs against material parameter was noticed
in declined order for higher values of curvature parameter.
Enrichment in the rate of heat and mass transfer via Prandtl
and Schmidt number was found as an increasing function
of radiation and chemical reaction parameters. The tabular
values of rate of heat and mass transfer for increasing
values of curvature parameter was noticed in declining
trend while an opposite behavior was noticed for Prandtl
and Schmidth number, respectively.

Nomenclature

rs Curvilinear coordinates
(a,b,n) Material constants
R Radius of curvature
\Y Velocity vector
u,v Velocity components
f Dimensionless stream function
Qw,m The wall heat and mass fluxes
k Thermal conductivity
T Temperature of fluid
Tw Temperature at the wall
Teo Ambient temperature
C Nanoparticle volume friction
Cuw Concentration at the wall
Co Ambient concentration
Or Radiative heat flux
" Stefan-Boltzman constant
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K" Mean absorption coefficient
Y Stream function
0 Dimensionless temperature
[0} Dimensionless concentration
Ar First Rivlin Erickson Tensor
c Constant
Br Thermal expansion coefficient
Bc Solutal expansion coefficient
Cp Specific heat
o Thermal diffusivity
p Denotes the pressure

Cauchy stress tensor
Tw Surface shear stress
p Fluid density
n Dimensionless variable
11 Biot number
| Identity tensor
S The extra stress tensor
Cs Skin friction coefficient
Nus Nusselt number
Shs Sherwood number
Rea,Rey Local Reynolds numbers
A Material parameter of the Sisko fluid
K Dimensionless radius of curvature
9 First order chemical reaction parameter
Rc Chemical reaction parameter
Pr Prandtl number
Sc Schmidt number
k1 Mixed convection parameter
ko Buoyancy ratio parameter
v Kinematic viscosity
hs Coefficient of heat transfer
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